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ABSTRACT 

This paper is devoted to construct hybrid type four-sided elements and computation of their element matrices. 
After successful construction of bi-linear and quadratic four-sided elements, components of element matrices 
are presented as simple algebraic expressions. The finite element equations for torsion problem are presented 
and used for find the nodal displacement can also be written in matrix form through which the stiffness matrix 
can be formulated. The computational effort to form the element stiffness matrices and load vectors by use of 
analytical/numerical integration schemes is substantially reduced. In finite element solution procedure the 
global stiffness matrix and global load vector are formed by assembling element stiffness matrix and load 
vector. The proper balance between accuracy and efficiency for such calculation is now highly demand.  
Finally, computed element stiffness matrices are tested with two examples and in all cases better accuracy are 
found. 

Keywords: Bi-linear elements and quadratic elements, element matrices and application examples. 

1.  INTRODUCTION 

The finite-element method (FEM) has become a very powerful tool for the numerical solution of a wide range 
engineering problem, particularly when analytical solutions are not available or very difficult to arriving the 
results. In FEM, various integrals are to be determined numerically in the evaluation of the stiffness matrix, 
mass matrix, body force etc. From the literature review we may realize that several works in numerical solutions 
using finite element method (FEM) and carried out (Islam, 2009; Islam and Hossain, 2009; Ecsedi and Baksa, 
2010; Lure, 1970; Johnson, 1987; Wagner  and Gruttmann, 2001; Lethor, 1976; Karim et al., 2000, 2001a, 
2001b), many authors have attempted to solve Saint-Venant torsion problems to obtain high accuracy rapidly by 
using a numerous methods, such as finite element method (FEM), and also some other methods. Saint-Venant’s 
torsion of homogeneous, isotropic, elastic cylindrical body is a classical problem of elasticity (Sadd, 2005; 
Shahriar, 2004; Hillion, 1977), which was solved using a semi-inverse method by assuming a state of pure shear 
in the cylindrical body such that it gives rise to a resultant torque over the end cross section  (Karim, 2000). 
Extension of more complicated cases of anisotropic or non-homogeneous materials has been considered in 
(Rathod and Islam, 1988; Rathod and Karim, 2000; Nguyen, 1992; Rathod, 1988; Griffths, 1994). In this paper, 
finite element method (FEM) is applied to compute global stiffness matrix and global load vector of Saint-
Venant’s torsion problem for finding Numerical Integration. 
Recent and ongoing research clearly indicates that using fewer higher order elements instead of large number of 
lower order elements produce desired accuracy in FEM solution procedure. It also noted by several researchers 
that the components of element matrices for four-sided element give rise rational integrals. Further, such rational 
integrals generally cannot be evaluated by analytical schemes and numerical schemes require much more 
computing time. A proper balance between accuracy and efficiency for such calculations is now highly 
demanded. It is well known that the computation of the components of element matrices for linear triangular 
elements simply can be evaluated analytically. Also, in FEM solution procedure the global (final) matrices are 
formed by assembling element matrices. Besides, that the properties of the definite integrals help us to split the 
domain of integrals into a number of sub domains and the sum of integrals over each sub domains produce the 
result of the original integrals. Therefore, in this paper a quadrilateral element is splitted by (two, six) linear 
triangles. Then, over each triangular element the components of element matrices are exactly evaluated. Using 
such components of (triangular) element matrices in assembly process, the components of (four-sided 
quadrilateral) element matrices are formed. To maintain the order of the bi-linear and quadratic quadrilateral 
elements two and six linear triangles are used respectively. As the element matrices of the quadrilateral elements 
are formed by the assembly of the element matrices of the triangular elements named here as the hybrid type 
four-sided elements. The element matrices for the four-sided (bilinear and quadratic) elements are presented as 
the simple expressions of co-ordinates (𝑥௜ , 𝑦௜),i= 1,2,3,4 and hence we need not to integrate any integrals to 
form element matrices. Hence, a great reduction in computing time is reduced and a balance between accuracy 
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and efficiency is achieved. All the derivations based on calculus and geometric transformations are detailed in 
the sub-sequent sections of this paper. 

2.  PROBLEM FORMULATION 

In this section, we consider the integral equations of the elements matrices for torsion problem. In order to find 
the finite element matrix using quadrilateral elements due to second order linear partial differential equation 
(Torsion problem) via Galerkin weighted residual formulation the integrals of the product of global derivatives 
are of the form:  

𝐾௜,௝ = ∬ (
డே೔

డ௫Ω

డேೕ

డ௫
+

డே೔

డ௬

డேೕ

డ௬
)𝑑𝑥𝑑𝑦  

𝐹௜ = ∬ ℎ𝑁௝𝑑𝑥𝑑𝑦
Ω

  
Matrix [K] is usually known as the stiffness matrix is symmetric and {F} is called the load vector. It is clear that 
the evaluation of the stiffness matrix [K] requires integrating the product of the global derivatives of shape 
functions.  

3.  NUMERICAL EVALUATION SCHEMES 

We wish to describe two procedures to evaluate element matrices. 

3. 1.  Construction of Hybrid type Four-sided bi-linear elements 

Finite element modeling means discretizing the big sized element of irregular shape into many number of 
calculatable regular shapes of small sized elements. In two dimensional objects as shown in figure 1, it can be 
discretized into many numbers of triangular elements. Sometimes the discretized element can have other shapes 
like rectangle, quadrilateral, parallelogram and so on. Among the various shapes, the triangular element is called 
as simple element. Usually, the selection of triangular element will make the problem simple to find the 
solution. In this section we consider a four-sided bi-linear element as shown in the following figure 1. 
 

 
Figure 1: Splitting the quadrilateral elements by two linear triangles. 

Here [1] and [2] are elements and 1, 2 and 3 are global nodes and 1, 2, and 3 inside the circle are local nodes.  
 

Table1: Relation between local and global nodes: 
Global nodes 

Local nodes 
[1] [2] 
2 4  
3 1  
1 3  

 

The coordinates are changed by assuming that, 

𝑥 = 𝑥ଵ𝑁ଵ + 𝑥ଶ𝑁ଶ + 𝑥ଷ𝑁ଷ (1) 

𝑦 = 𝑦ଵ𝑁ଵ + 𝑦ଶ𝑁ଶ + 𝑦ଷ𝑁ଷ (2) 

Where, the shape functions, 

𝑁ଵ = 1 − 𝜉 − 𝜂    𝑁ଶ = 𝜉      𝑁ଷ = 𝜂 (3) 
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Form Eqs. (1) & (2) using Eq. (3), we obtain 

𝑥 = (𝑥ଶ − 𝑥ଵ)𝜉 + (𝑥ଷ − 𝑥ଵ)𝜂 + 𝑥ଵ (4) 

𝑦 = (𝑦ଶ − 𝑦ଵ)𝜉 + (𝑦ଷ − 𝑦ଵ)𝜂 + 𝑦ଵ (5) 

From Eqs. (4) and(5), we have,     

𝜕𝑥

𝜕𝜉
= 𝑥ଶ − 𝑥ଵ

𝜕𝑥

𝜕𝜂
= 𝑥ଷ − 𝑥ଵ 

𝜕𝑦

𝜕𝜉
= 𝑦ଶ − 𝑦ଵ

𝜕𝑦

𝜕𝜂
= 𝑦ଷ − 𝑦ଵ 

Then the Jacobian of the transformation becomes, 

 𝐽[௘] = ቮ

డ௫

డక

డ௫

డఎ

డ௬

డక

డ௬

డఎ

ቮ = ቚ
𝑥ଶ − 𝑥ଵ 𝑥ଷ − 𝑥ଵ

𝑦ଶ − 𝑦ଵ 𝑦ଷ − 𝑦ଵ
ቚ = (𝑥ଶ − 𝑥ଵ)(𝑦ଷ − 𝑦ଵ) − (𝑥ଷ − 𝑥ଵ)(𝑦ଶ − 𝑦ଵ) (6) 

Now,𝐽 ቎

డே೔

డ௫
డே೔

డ௬

቏  =  ቎

డ௬

డఎ
−

డ௬

డక

−
డ௫

డఎ

డ௫

డక

቏ ቎

డே೔

డక

డே೔

డఎ

቏ 

Hence,𝐽  
డே೔

డ௫
 = 

డ௬

డఎ

డே೔

డక
– 

డ௬

డక

డே೔

డఎ
 (7) 

𝐽  
డே೔

డ௬
 = -  

డ௫

డఎ

డே೔

డక
+  

డ௫

డక

డே೔

డఎ
 (8) 

Form Eq. (3) we have 

డேభ

డక
= −1 ,

డேభ

డఎ
= −1, 

డேమ

డక
= 1  ,

డேమ

డఎ
= 0 ,

 డேయ

డక
= 0   ,

డேయ

డఎ
= 1 

From Eqs. (7) and (8), we have,     

𝐽
డேభ

డ௫
=

డ௬

డఎ

డேభ

డక
−

డ௬

డక

డேభ

డఎ
 =(𝑦ଷ − 𝑦ଵ)(−1) − (𝑦ଶ − 𝑦ଵ)(−1) = 𝑦ଶ − 𝑦ଷ (9) 

 𝐽
డேమ

డ௫
=

డ௬

డఎ

డேమ

డక
−

డ௬

డక

డேమ

డఎ
 =(𝑦ଷ − 𝑦ଵ)(1) − (𝑦ଶ − 𝑦ଵ)(0) = 𝑦ଷ − 𝑦ଵ (10) 

 𝐽
డேయ

డ௫
=

డ௬

డఎ

డேయ

డక
−

డ௬

డక

డேయ

డఎ
=(𝑦ଷ − 𝑦ଵ)(0) − (𝑦ଶ − 𝑦ଵ)(1) = 𝑦ଵ − 𝑦ଶ (11) 

 𝐽
డேభ

డ௬
= −

డ௫

డఎ

డேభ

డక
+

డ௫

డక

డேభ

డఎ
=−(𝑥ଷ − 𝑥ଵ)(−1) + (𝑥ଶ − 𝑥ଵ)(−1) = 𝑥ଷ − 𝑥ଶ (12) 

 𝐽
డேమ

డ௬
= −

డ௫

డఎ

డேమ

డక
+

డ௫

డక

డேమ

డఎ
=−(𝑥ଷ − 𝑥ଵ)(1) + (𝑥ଶ − 𝑥ଵ)(0) = 𝑥ଵ − 𝑥ଷ (13) 

 𝐽
డேయ

డ௬
= −

డ௫

డఎ

డேయ

డక
+

డ௫

డక

డேయ

డఎ
=−(𝑥ଷ − 𝑥ଵ)(0) + (𝑥ଶ − 𝑥ଵ)(1) = 𝑥ଶ − 𝑥ଵ (14) 

We can write, 

∬
డே೔

డ௫

డேೕ

డ௫Ω
 𝑑𝑥𝑑𝑦 =∫ ∫

డே೔

డ௫

డேೕ

డ௫
𝐽[௘]𝑑𝜂𝑑𝜉

ଵିక

଴

ଵ

଴
 (15) 

∬
డே೔

డ௬

డேೕ

డ௬Ω
 𝑑𝑥𝑑𝑦 =∫ ∫

డே೔

డ௬

డேೕ

డ௬
𝐽[௘]𝑑𝜂𝑑𝜉

ଵିక

଴

ଵ

଴
 (16) 

Finally, the finite element formulation of torsionproblem for stiffness matrix defined by the equation 

𝑘௜௝
[௘]

= ∬ ቀ
డே೔

డ௫

డேೕ

డ௫
+

డே೔

డ௬

డேೕ

డ௬
ቁ

Ω
𝑑𝑥𝑑𝑦 = ∫ ∫ ቀ

డே೔

డ௫

డேೕ

డ௫
+

డே೔

డ௬

డேೕ

డ௬
ቁ 𝐽[௘]𝑑𝜂𝑑𝜉

ଵିక

଴

ଵ

଴
 (17) 

Using Eqs. (9) – (16) in Eq. (17) we get, 

𝑘ଵଵ
[௘]

=   න න ൬
𝜕𝑁ଵ

𝜕𝑥

𝜕𝑁ଵ

𝜕𝑥
+

𝜕𝑁ଵ

𝜕𝑦

𝜕𝑁ଵ

𝜕𝑦
൰ 𝐽[௘]𝑑𝜂𝑑𝜉

ଵିక

଴

ଵ

଴

 

=  
ଵ

 {௃[೐]}మ ∫ ∫ {(𝑦ଶ − 𝑦ଷ)ଶ + (𝑥ଷ − 𝑥ଶ)ଶ}𝐽[௘]𝑑𝜂𝑑𝜉
ଵିక

଴

ଵ

଴
=

ଵ

௃[೐]
{(𝑦ଶ − 𝑦ଷ)ଶ + (𝑥ଷ − 𝑥ଶ)ଶ} ∫ (1 − 𝜉)𝑑𝜉

ଵ

଴
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=
ଵ

ଶ௃[೐]
{(𝑦ଶ − 𝑦ଷ)ଶ + (𝑥ଷ − 𝑥ଶ)ଶ} (18) 

Similarly,𝑘ଵଶ
[௘]

=
ଵ

ଶ௃[೐]
{(𝑦ଶ − 𝑦ଷ)(𝑦ଷ − 𝑦ଵ) + (𝑥ଷ − 𝑥ଶ)(𝑥ଵ − 𝑥ଷ)} (19) 

 𝑘ଵଷ
[௘]

=
ଵ

ଶ௃[೐]
{(𝑦ଶ − 𝑦ଷ)(𝑦ଵ − 𝑦ଶ) + (𝑥ଷ − 𝑥ଶ)(𝑥ଶ − 𝑥ଵ)} (20) 

 𝑘ଶଶ
[௘]

=
ଵ

ଶ௃[೐]
{(𝑦ଷ − 𝑦ଵ)ଶ + (𝑥ଵ − 𝑥ଷ)ଶ} (21) 

 𝑘ଶଷ
[௘]

=
ଵ

ଶ௃[೐]
{(𝑦ଷ − 𝑦ଵ)(𝑦ଵ − 𝑦ଶ) + (𝑥ଵ − 𝑥ଷ)(𝑥ଶ − 𝑥ଵ)} (22) 

  𝑘ଷଷ 
[௘]

=
ଵ

ଶ௃[೐]
{(𝑦ଵ − 𝑦ଶ)ଶ + (𝑥ଶ − 𝑥ଵ)ଶ} (23) 

The Finite element formulationof Torsion problem for load vector defined by the equation 

𝐹௜
[௘]

= ∬ ℎ𝑁௜(𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = ∫ ∫ ℎ𝑁௜(𝜉, 𝜂)𝐽[௘]𝑑𝜂𝑑𝜉
ଵିక

଴

ଵ

଴
 (24)   

Global stiffness matrix of hybrid type four sided element is, 

𝐾 =

⎣
⎢
⎢
⎢
⎢
⎡𝑘ଷଷ

[ଵ]
+ 𝑘ଶଶ

[ଶ]
𝑘ଷଵ

[ଵ]
𝑘ଷଶ

[ଵ]
+ 𝑘ଶଷ

[ଶ]
𝑘ଶଵ

[ଶ]

𝑘ଵଷ
[ଵ]

𝑘ଵଵ
[ଵ]

𝑘ଵଶ
[ଵ]

0

𝑘ଷଶ
[ଵ]

+ 𝑘ଶଷ
[ଶ]

𝑘ଵଶ
[ଵ]

𝑘ଶଶ
[ଵ]

+ 𝑘ଷଷ
[ଶ]

𝑘ଷଵ
[ଶ]

𝑘ଶଵ
[ଶ]

0 𝑘ଷଵ
[ଶ]

𝑘ଵଵ
[ଶ]

⎦
⎥
⎥
⎥
⎥
⎤

 

 

Global load vector of hybrid type four sided element is, 

𝐹 =

⎩
⎪
⎨

⎪
⎧𝐹ଷ

[ଵ]
+  𝐹ଶ

[ଶ]

𝐹ଵ
[ଵ]

𝐹ଶ
[ଵ]

+  𝐹ଷ
[ଶ]

𝐹ଵ
[ଶ]

⎭
⎪
⎬

⎪
⎫

 

3.2  Construction of Hybrid type Four-sided Quadratic Elements 
 

A direct Gaussian quadrature Schemes to numerically evaluate the domain integral on n-sided polygons cannot 
be constructed to yield the exact results, even on convex quadrilaterals. In two dimensions, n-sided polygons can 
be suitably discretized with linear triangles rather than quadrilaterals and hence triangle elements are widely 
used in finite element analysis. Another advantage is to be mentioned that there is no difficulty with triangular 
elements as the exact shape function are available. In this section we consider a four-sided quadratic element 
and splited into 6 triangles as shown in the followingfigure2: 
 

 
Figure 2: Splitting the quadrilateral elements by six linear triangles. 

 

Here [1] and [2] are elements and 1, 2 and 3 are global nodes and 1, 2, and 3 inside the circle are local nodes.  
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Table 2: Relation between local and global nodes 
 

Global nodes 
Local nodes 

[1] [2] [3] [4] [5] [6] 
1 8 4 3 7 5  
2 2 6 4 8 6  
8 6 2 2 6 4  

 

Hence the Global Load Vector of hybrid type four-sided element for figure 2 is, 

[𝐹] =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ 𝐹ଵ

[ଵ]

𝐹ଶ
[ଵ]

+ 𝐹ଶ
[ଶ]

+ 𝐹ଷ
[ଷ]

+ 𝐹ଷ
[ସ]

𝐹ଵ
[ସ]

𝐹ଵ
[ଷ]

+ 𝐹ଶ
[ସ]

+ 𝐹ଷ
[଺]

𝐹ଵ
[଺]

𝐹ଷ
[ଶ]

+ 𝐹ଶ
[ଷ]

+ 𝐹ଷ
[ହ]

+ 𝐹ଶ
[଺]

𝐹ଵ
[ହ]

𝐹ଷ
[ଵ]

+ 𝐹ଵ
[ଶ]

+ 𝐹ଶ
[ହ]

⎭
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎫

 

 

Hence the Global Stiffness Matrix of hybrid type four-sided element for figure:2 is, 

𝐾 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑘ଵଵ

[ଵ]

𝑘ଵଶ
[ଵ]

0
0
0
0
0

𝑘ଵଷ
[ଵ]

𝑘ଵଶ
[ଵ]

𝑘ଶଶ
[ଵ]

+ 𝑘ଶଶ
[ଶ]

+𝑘ଷଷ
[ଷ]

+𝑘ଷଷ
[ସ]

𝑘ଷଵ
[ସ]

𝑘ଷଵ
[ଷ]

+ 𝑘ଷଶ
[ସ]

0

𝑘ଶଷ
[ଶ]

+ 𝑘ଷଶ
[ଷ]

0

𝑘ଶଷ
[ଵ]

+ 𝑘ଶଵ
[ଶ]

0

𝑘ଷଵ
[ସ]

𝑘ଵଵ
[ସ]

𝑘ଵଶ
[ସ]

0
0
0
0

0

𝑘ଷଵ
[ଷ]

+ 𝑘ଷଶ
[ସ]

𝑘ଵଶ
[ସ]

𝑘ଵଵ
[ଷ]

+𝑘ଶଶ
[ସ]

+ 𝑘ଷଷ
[଺]

𝑘ଷଵ
[଺]

𝑘ଵଶ
[ଷ]

+ 𝑘ଷଶ
[଺]

0
0

0
0
0

𝑘ଷଵ
[଺]

𝑘ଵଵ
[଺]

𝑘ଵଶ
[଺]

0
0

0

𝑘ଶଷ
[ଶ]

+ 𝑘ଷଶ
[ଷ]

0

𝑘ଵଶ
[ଷ]

+ 𝑘ଷଶ
[଺]

𝑘ଵଶ
[଺]

𝑘ଷଷ
[ଶ]

+ 𝑘ଶଶ
[ଷ]

+𝑘ଷଷ
[ହ]

+ 𝑘ଶଶ
[଺]

𝑘ଷଵ
[ହ]

𝑘ଷଶ
[ହ]

+ 𝑘ଷଵ
[ଶ]

0
0
0
0
0

𝑘ଷଵ
[ହ]

𝑘ଵଵ
[ହ]

𝑘ଵଶ
[ହ]

𝑘ଵଷ
[ଵ]

𝑘ଶଷ
[ଵ]

+ 𝑘ଶଵ
[ଶ]

0
0
0

𝑘ଷଶ
[ହ]

+ 𝑘ଷଵ
[ଶ]

𝑘ଵଶ
[ହ]

𝑘ଷଷ
[ଵ]

+ 𝑘ଵଵ
[ଶ]

+ 𝑘ଶଶ
[ହ]

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

4.  APPLICATION EXAMPLES 

In this section we consider two examples to verify accuracy of the proposed method. 
 

Example-1: 
y

x

A(0,1.2)

C(1,1) AB=1.2

CD=1

BD=1
[3]

[4]

(0.5,0.55)

[1] [2]

2

D(1,0)B(0,0)

1 3

4
5 6

7 8

9

 
Figure 3:  four-sided quadrilateral element is subdivided into 4 elements 
 

FOR ELEMENT [1]: 

Stiffness matrix is,൦

0.970833302 −0.550000012 −0.050000012 −0.370833308
−0.550000012  1.004545450  −0.454545438 0.000000000
−0.050000012 −0.454545438 1.054545403 −0.550000012
−0.370833308  0.000000000 −0.550000012 0.920833290

൪ 
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Load vector is,൞

 0.191666663
 0.0916666687
0.191666663

  0.100000001

ൢ 

 

FOR ELEMENT [2]: 

Stiffness matrix is, ൦

0.959090889 −0.500000000 −0.050000012 −0.409090877
−0.500000000 1.000000000 −0.500000000 0.000000000
−0.050000012 −0.500000000 1.049999952 −0.500000000
−0.409090877 0.000000000 −0.500000000 0.909090877

൪ 

Load vector is,൞

0.175000012
0.0833333358
0.175000012

0.0916666687

ൢ 

FOR ELEMENT [3]: 

Stiffness matrix is, ൦

0.983333349 −0.500000000 −0.150000036  −0.333333313
−0.500000000 0.909090877 −0.409090877 0.000000000
−0.150000036 −0.409090877 1.059090853 −0.500000000
−0.333333313 0.000000000 −0.500000000 0.833333313

൪ 

Load vector is, ൞

0.191666663
0.0916666687
0.191666663
0.100000001

ൢ 

FOR ELEMENT [4]: 

Stiffness matrix is,൦

0.972727299 −0.449999988 −0.150000036 −0.372727245
−0.449999988  0.904999971 −0.454999983 0.000000000
−0.150000036 −0.454999983 1.055000067 −0.449999988
−0.372727245  0.000000000 −0.449999988 0.822727263

൪ 

Load vector is,൞

0.175000012
0.0833333358
0.175000012

0.0916666687

ൢ 

Example 2: 

[1] [2] [3] [4]

[5] [6] [7] [8]

[10][9]

[13]

[16]
[15]

[14]

[12][11]

y

x

A(0,1.2)

C(1,1)

D(1,0)B(0,0)

AB=1.2

CD=1

BD=1

 
Figure 4:   four-sided quadrilateral element is subdivided into 16 elements 

FOR ELEMENT [1]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.01666665 −0.600000024 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.416666657
 −0.600000024 2.18829775 −0.574999988 −0.599999964 0.00000000 0.161702082 0.00000000 −0.574999928

0.00000000 −0.574999988 1.00978255 −0.434782624 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.599999964 −0.434782624 2.04565215 −0.460869551 −0.550000012 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.460869551 1.06086946 −0.599999964 0.00000000 0.00000000
0.00000000 0.161702082 0.00000000 −0.550000012 −0.599999964 2.18829799 −0.574999928 −0.625000119
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.574999928 0.96770817 −0.392708242

−0.416666657 −0.574999928 0.00000000 0.00000000 0.00000000 0.625000119 −0.392708242 2.00937486 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00625000009
 0.0367187485

 0.00598958321
0.0242187493

0.00598958321
0.0367187485

0.00625000009
0.0247395821 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [2]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.00978255 −0.574999988 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.434782624
−0.574999988 2.13222218 −0.550000012 −0.574999988 0.00000000 0.11777778 0.00000000 −0.550000012

0.00000000 −0.550000012 1.00454545 −0.454545438 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.574999988 −0.454545438 2.0352273 −0.480681777 −0.525000036 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.480681777 1.05568182 −0.574999988 0.00000000 0.00000000
0.00000000 0.11777778 0.00000000 −0.525000036 −0.574999988 2.13222218 −0.550000012 −0.599999964
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.550000012 0.96086961 −0.410869598

−0.434782624 −0.550000012 0.00000000 0.00000000 0.00000000 −0.599999964 −0.410869598 1.995652200 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00598958321
0.03515625000
0.00572916679
0.02317708360
0.00572916679
0.03515625000
 0.00598958321
 0.02369791640⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [3]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.00454545 −0.550000012 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.454545438
−0.550000012 2.07790709 −0.524999976 −0.550000072 0.00000000 0.0720930696 0.00000000 −0.525000036

0.00000000 −0.524999976 1.00119042 −0.476190507 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.550000072 −0.476190507 2.02857161 −0.502381086 −0.499999881 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.502381086 1.05238116 −0.550000072 0.00000000 0.00000000
0.00000000 0.0720930696 0.00000000 −0.499999881 −0.550000072 2.07790685 −0.525000036 −0.574999988
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.525000036 0.95568186 −0.430681825

−0.454545438 −0.525000036 0.00000000 0.00000000 0.00000000 −0.574999988 −0.430681825 1.98522735 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00572916679
0.0335937515

0.00546874991
0.0221354179

0.00546874991
0.0335937515

0.00572916679
0.0226562507 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [4]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.00119042 −0.524999976 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.476190507
−0.524999976 2.02560973 −0.5 −0.524999976 0.00000000 0.0243902206 0.00000000 −0.5

0.00000000 −0.5000000 1.0000000 −0.5 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.524999976 −0.5 2.02624989 −0.526249945 −0.475000024 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.526249945 1.05124998 −0.524999976 0.00000000 0.00000000
0.00000000 0.0243902206 0.00000000 −0.475000024 −0.524999976 2.02560973 −0.5 −0.549999952
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.5 0.952381015 −0.452380985

−0.476190507 −0.5 0.00000000 0.00000000 0.00000000 −0.549999952 −0.452380985 1.97857141 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00546874991
0.0320312493

 0.00520833349
0.0210937504

0.00520833349
0.0320312493

0.00546874991
0.0216145832 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [5]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.06770849 −0.625000119 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.442708433
−0.625000119 2.1904254 −0.549999952 −0.649999976 0.00000000 0.159574419 0.00000000 −0.524999738

0.00000000 −0.549999952 0.96086961 −0.410869628 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.649999976 −0.410869628 2.04999995 −0.489130348 −0.5 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.489130348 1.11413038 −0.625 0.00000000 0.00000000
0.00000000 0.159574419 0.00000000 −0.5 −0.625 2.19042563 −0.549999833 −0.67500031
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.549999833 0.920832992 −0.370833158

−0.442708433 −0.524999738 0.00000000 0.00000000 0.00000000 −0.67500031 −0.370833158 2.0135417 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00625000009
0.0367187485

0.00598958274
0.0242187493

0.00598958367
0.0367187485

0.00625000009
0.0247395821 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [6]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.06086946 −0.599999905 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.460869581
−0.599999905 2.13444448 −0.525000095 −0.624999881 0.00000000 0.11555557 0.00000000 −0.500000119

0.00000000 −0.525000095 0.95568186 −0.430681795 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.624999881 −0.430681795 2.03977275 −0.5090909 −0.475000143 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.5090909 1.10909081 −0.599999905 0.00000000 0.00000000
0.00000000 0.11555557 0.00000000 −0.475000143 −0.599999905 2.13444448 −0.525000095 −0.649999857
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.525000095 0.914130509 −0.389130443

−0.460869581 −0.500000119 0.00000000 0.00000000 0.00000000 −0.649999857 −0.389130443 2.000000000 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00598958274
0.03515625

0.00572916726
0.0231770836

0.00572916633
0.03515625

 0.00598958367
 0.0236979164 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [7]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.05568182 −0.575000048 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.480681747
−0.575000048 2.08023262 −0.499999881 −0.600000262 0.00000000 0.0697674751 0.00000000 −0.475000024

0.00000000 −0.499999881 0.952380776 −0.452380896 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.600000262 −0.452380896 2.03333354 −0.530952632 −0.44999969 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.530952632 1.10595274 −0.575000167 0.00000000 0.00000000
0.00000000 0.0697674751 0.00000000 −0.44999969 −0.575000167 2.08023238 −0.5 −0.625
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.5 0.909090996 −0.409090996

−0.480681747 −0.475000024 0.00000000 0.00000000 0.00000000 −0.625 −0.409090996 1.9897728 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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Load vector is

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00572916726
0.0335937515

0.00546874991
0.0221354179

0.00546874991
0.0335937515

 0.00572916633
0.0226562507 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [8]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.05238092 −0.549999952 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.502380967
−0.549999952 2.02804875 −0.475000024 −0.574999928 0.00000000 0.0219512023 0.00000000 −0.450000048

0.00000000 −0.475000024 0.951250017 −0.476250023 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.574999928 −0.476250023 2.03125 −0.554999948 −0.425000072 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.554999948 1.1049999 −0.549999952 0.00000000 0.00000000
0.00000000 0.0219512023 0.00000000 −0.425000072 −0.549999952 2.02804875 −0.475000024 −0.599999905
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.475000024 0.905952454 −0.43095243

−0.502380967 −0.450000048 0.00000000 0.00000000 0.00000000 −0.599999905 −0.43095243 1.98333335 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00546874991
0.0320312493

 0.00520833349
0.0210937504

0.00520833349
0.0320312493

  0.00546874991
0.0216145832 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [9]: 

Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.12083375 −0.650000095 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.470833629
−0.650000095 2.19468069 −0.525000095 −0.700000048 0.00000000 0.155319318 0.00000000 −0.474999905

0.00000000 −0.525000095 0.914130509 −0.389130443 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.700000048 −0.389130443 2.05869579 −0.519565225 −0.450000048 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.519565225 1.16956532 −0.650000095 0.00000000 0.00000000
0.00000000 0.155319318 0.00000000 −0.450000048 −0.650000095 2.19468069 −0.525000095 −0.724999905
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.525000095 0.876041949 −0.351041883

−0.470833629 −0.474999905 0.00000000 0.00000000 0.00000000 −0.724999905 −0.351041883 2.02187538 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00624999916
0.036718756

 0.00598958367
0.024218753

0.00598958367
0.036718756

0.00624999916
0.024739584 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [10]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.11413038 −0.625 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.489130348
−0.625 2.13888884 −0.5 −0.674999952 0.00000000 0.111111112 0.00000000 −0.450000048

0.00000000 −0.5 0.909090996 −0.409090996 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.674999952 −0.409090996 2.04886365 −0.539772809 −0.424999952 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.539772809 1.16477287 −0.625 0.00000000 0.00000000
0.00000000 0.111111112 0.00000000 −0.424999952 −0.625 2.13888884 −0.5 −0.700000048
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.5 0.869565129 −0.369565159

−0.489130348 −0.450000048 0.00000000 0.00000000 0.00000000 −0.700000048 −0.369565159 2.0086956 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00598958367
0.03515625

0.00572916633
 0.0231770836

 0.00572916633
 0.03515625

0.00598958367
 0.0236979164 ⎭

⎪
⎪
⎬

⎪
⎪
⎫
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FOR ELEMENT [11]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.10909081 −0.599999905 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.5090909
 −0.599999905 2.08488369 −0.474999905 −0.650000095 0.00000000 0.0651161 0.00000000 −0.424999952

0.00000000 −0.474999905 0.905952036 −0.430952132 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.650000095 −0.430952132 2.04285669 −0.56190443 −0.400000095 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.56190443 1.16190434 −0.599999905 0.00000000 0.00000000
0.00000000 0.0651161 0.00000000 −0.400000095 −0.599999905 2.08488369 −0.474999905  −0.674999952
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.474999905 0.864772618 −0.389772743
−0.5090909 −0.424999952 0.00000000 0.00000000 0.00000000 −0.674999952 −0.389772743 1.99886358 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

. 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00572916633
 0.033593744

0.00546875084
 0.022135416

0.00546875084
0.033593744

 0.00572916633
 0.022656247 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [12]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.10595226 −0.575000048 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.530952215
−0.575000048 2.03292704 −0.450000048 −0.625 0.00000000 0.0170732643 0.00000000 −0.400000095

0.00000000 −0.450000048 0.905000091 −0.455000043 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.625 −0.455000043 2.04125023 −0.586250067 −0.375 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.586250067 1.16125011 −0.575000048 0.00000000 0.00000000
0.00000000 0.0170732643 0.00000000 −0.375 −0.575000048 2.03292704 −0.450000048 −0.650000095
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.450000048 0.861904681 −0.411904633

−0.530952215 −0.400000095 0.00000000 0.00000000 0.00000000 −0.650000095 −0.411904633 1.9928571 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

0.00546875084
  0.032031253

  0.00520833349
  0.0210937522
0.00520833349

0.032031253
0.00546875084
 0.0216145851 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

 

FOR ELEMENT [13]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.17604125 −0.674999714 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.501041472
−0.674999714 2.20106363 −0.5 −0.749999762 0.00000000 0.148935959 0.00000000 −0.425000191

0.00000000 −0.5 0.869565129 −0.369565159 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.749999762 −0.369565159 2.07173896 −0.552173913 −0.400000095 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.552173913  1.22717369 −0.674999714 0.00000000 0.00000000
0.00000000  0.148935959 0.00000000 −0.400000095 −0.674999714 2.20106387 −0.5 −0.775000095
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.5 0.833332777 −0.333332807

−0.501041472 −0.425000191 0.00000000 0.00000000 0.00000000 −0.775000095 −0.333332807 2.03437471 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00624999916
 0.0367187411
0.00598958367
 0.0242187455

 0.00598958135
0.0367187448

 0.00625000382
0.0247395821 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

FOR ELEMENT [14]: 
Stiffness matrix is, 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.16956532 −0.650000095 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.519565225
−0.650000095 2.1455555 −0.474999905 −0.725000143 0.00000000 0.104444414 0.00000000 −0.399999857

0.00000000 −0.474999905 0.864772618 −0.389772743 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.725000143 −0.389772743 2.06249976 −0.572726965 −0.375 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.572726965 1.22272706 −0.650000095 0.00000000 0.00000000
0.00000000 0.104444414 0.00000000 −0.375 −0.650000095 2.1455555 −0.474999905 −0.75
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.474999905 0.827174008 −0.352174133

−0.519565225 −0.399999857 0.00000000 0.00000000 0.00000000 −0.75 −0.352174133 2.02173924 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

. 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

  0.00598958367
0.03515625

 0.00572916633
 0.0231770854

  0.00572916865
 0.03515625

 0.00598958135
0.0236979146 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

 

FOR ELEMENT [15]: 
Stiffness matrix is, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.16477287 −0.625 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.539772809
−0.625 2.09186053 −0.450000048 −0.700000048 0.00000000 0.0581398159 0.00000000 −0.375000238

0.00000000 −0.450000048 0.861905098 −0.41190502 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.700000048 −0.41190502 2.05714345 −0.595238745 −0.349999666 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.595238745 1.22023904 −0.625000238 0.00000000 0.00000000
0.00000000 0.0581398159 0.00000000 −0.349999666 −0.625000238 2.09186029 −0.450000286 −0.724999905
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.450000286 0.822727442 −0.372727156

−0.539772809 −0.375000238 0.00000000 0.00000000 0.00000000 −0.724999905 −0.372727156  2.01250005 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00572916633
0.0335937552

 0.00546874851
 0.0221354179
0.00546874851
0.0335937589

 0.00572916865
 0.0226562545 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

 

FOR ELEMENT [16]: 

Stiffness matrix 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1.16190481 −0.599999905 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.561904967
−0.599999905 2.04024363 −0.424999952 −0.674999952 0.00000000 0.00975596439 0.00000000 −0.349999905

0.00000000 −0.424999952 0.861249924 −0.436249971 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 −0.674999952 −0.436249971 2.05624986 −0.619999886 −0.325000048 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 −0.619999886 1.21999979 −0.599999905 0.00000000 0.00000000
0.00000000 0.00975596439 0.00000000 −0.325000048 −0.599999905 2.04024363 −0.424999952 −0.699999809
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 −0.424999952 0.820238233 −0.39523828

−0.561904967 −0.349999905 0.00000000 0.00000000 0.00000000 −0.699999809 −0.39523828 2.00714302 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Load vector is,

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 0.00546874851
 0.03203124550
0.00520833349
 0.02109374850
 0.00520833349
  0.03203124550
  0.00546874851
0.02161457760 ⎭

⎪
⎪
⎬

⎪
⎪
⎫

 

5.  CONCLUSIONS 

By use of assembly process and the properties of definite integrals hybrid type four-sided (quadrilateral) 
elements are constructed in this paper. Algebraic expressions in nodal co-ordinates for the components of 
element matrices are given explicitly. Hence, computing time for the essential integrations are not required. This 
is the substantial reduction in computing time and also the element matrices are now evaluated exactly. 
Therefore the demand of the exact evaluation of the element matrices with computing time is now possible. 
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Presented element matrices are tested and found better accuracy. Thus, it is expected that the presented 
expressions four-sided hybrid type quadrilateral elements will find better application in Finite Element Method 
in solving problems of continuum mechanics. 
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