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ABSTRACT

Linear stability analysis of fluvial sand bars incorporating bank erosion has been performed by using a
shallow-water approach. It has been assumed that the bank location changed with time and the average value
of total width of the bank kept constant. It has also been assumed that the bank erosion speed was a function of
the dimensionless bed shear stress. For the formulation of bar instability shallow water equations have been
used and analyzed with perturbation techniques. The resulting perturbation equation was solved with some
boundary conditions with the use of the spectral collocation method with the Chebyshev polynomials. The
contours of Im[w] in the k-f plane for the various cases has been drawn and they show that unstable region
appears in the range of large aspect ratios and small aspect ratios. It was found that the unstable region
expands slightly in the range of large k as y increases. There was a tendency that flat bed became more unstable
as the bank became more erodible. The variation of growth rate with the wave number for the different values
of aspect ratio, Froude number and y has been drawn. They demonstrated that the maximum Im[w] increases
with increasing the aspect ratio and y, and decreases with increasing Froude number.
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1. INTRODUCTION

The river channel is often characterized by the presence of bars. Bars are the large-scale bed forms arising from
deposition and erosion within active channel. Bars can be either periodic or localize. Periodic bars that represent
the free river response to perturbation are called free bars and it can be migrate or steady. Localized bars are
usually called forced bars because their development is by forced in local channel geometry and they do not
migrate, e.g. Point bars.

In nature, river banks are erodible and sinuous channels are often accompanied by fluvial bars which have been
studied by the various authors. According to (Fukuoka, 1989), the formation of free alternate bars in an initially
straight channel has been taken into account as the possible origin of incipient meandering. (Blondeaux and
Seminara, 1985) proposed that the wavelength of channel meandering is controlled by a resonance between the
bed instability producing migrating alternate bars and a bank instability that produces stationary features. Their
work implies that some wavelength adjustment might occur in the transition from alternate bars to meandering.
So, the bed instability producing alternate bars in a primary part of the process leading to planform meandering.

A linear stability analysis of water in a channel with a loose/erodible bed and a straight bank is investigated by
(Callander, 1969). He found that instability is interpreted as leading to a braided channel and it is shown that all
practicable channels are unstable. (Colombini et al., 1987) studied to determine the development of finite-
amplitude alternate bars in straight channels with erodible bottoms. They consider flow in a straight channel
with constant width and non-erodible banks. The result of their two-timescale analysis was a so-called Landau-
Stuart equation describing the time evolution of the wave amplitude. They also derived that all non-transient
solutions of this equation are periodic and signify a finite-amplitude periodic alternate bar pattern. Their theory
also led to relationships for the maximum height and the maximum scour of bars which compare satisfactorily
with the experimental data of various authors. Linear stability analysis on the meander formation originated by
alternate bars have been conducted by (Shimada et al., 2013) and their results indicate that meanders induced by
alternate bars will exist and they have longer wavelength than that from previous bar-theory.

The forcing effect of channel curvature and formation of point bars have been extensively investigated by
(Kikkawa et al., 1976) and (Ikeda and Nishimura, 1985), primarily due to its natural association with the
development of river meanders. (Wu and Yeh, 2005) investigated the forced bars induced by variation of
channel width. Such study shows the conditions under which different types of forced bars may form in
channels with periodic width variations. They used a depth average two-dimensional model incorporating a
simplified correction for helical flows induced by stream line curvature to obtain analytical solution of bed
deformation, and verify the model results with flume experiment. Their analytical solution is used to obtain a
criterion for central bar formation, which implies a condition necessary for incipient bifurcation.
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Major changes that take place in the planform and bed topography of the Jamuna River, Bangladesh, is
particularly during the flood season. The effect of these changes has been investigated by (Ali and Kyotoh,
2002) in the form of a stability analysis by perturbation technique. They considered the flow in an alluvial
channel with erodible bed and impermeable banks. In Figure 1, the red dotted boundary line indicates the
sinusoidal shape of the Jamuna River, Bangladesh. As the natural braided river is approximately sinusoidal
shape, in our study we have considered the shape of the channel as sinusoidal.

It can be noted that the aforementioned study did not consider the bank erosion effect. As a result of bank
erosion, the produced sediments are added to the river bed. By continuing this bank erosion process bar will be
developed on the river bed. This study focus that for the analysis of bar instability not only bed erosion has an
effect but one should also consider the bank erosion effect. Therefore, we herein perform a linear stability
analysis of fluvial sand bars by considering bank erosion.

Figure 1: LANDSAT TM Image of Jamuna River, Bangladesh, 17 Nov. 2000

2. FORMULATION OF THE PROBLEM

In order to formulation of the problem, we have considered the typical conceptual diagram and coordinates as
shown in Figure 2.

L Left bank

Right bank
Figure 2: Conceptual diagram and coordinates. =~ Figure 3: The boundary condition of sediment
flux at banks.

Fluvial bar instability can be described by the shallow water equations of the form
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where ¥ and j are the coordinates in the longitudinal and lateral directions respectively, § and 7 are the X
and 7 components of the flow velocity respectively, 7 and 7 are the flow depth and the bed elevation
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respectively, and 7 and 7 arethe ¥ and ) components of the bed shear stress respectively . The bed shears

stress components 7 and 7 are assumed to be expressed as
by by

(5.5, )= (0.7 ) ) )

bx>

where 7 is the total bed shear stress expressed as
7 - pc, (0% +7) 5)
with C, denoting the bed friction coefficient, which is assumed to be constant for simplicity herein. The time

variation of the bed elevation is described by

(_lp)z_*_g_*_@:o (6)

o &x

where 2, is porosity, and g and 0, are the ¥ and 3 components of the bedload transport rate respectively.
The bedload transport rate is assumed to be expressed by

(ém_, Q,,y)= é,, (cos @,sin ¢) @
where @, is the total bedload transport rate, assumed to be expressed by the Meyer-Peter and Miiller formula of
the form

0,-8(0-0.)"(red’)” ®
where 6 is the dimensionless bed shear stress, ¢ is the dimensionless critical bed shear stress typically

estimated as 0.047, g is the submerged specific gravity commonly estimated as 1.65 in the case of ordinary

2 ~ . . . . .
sediment, g is the gravity acceleration (=9.80 m/s ), and 4_ is the sediment diameter. Non-dimensional bed

shear stress is defined by 9=7,/ pR gd. -
The lateral component of the bedload transport rate Sin ¢ is assumed to be

14 r o7 )
where r is a constant usually estimated to be 0.5-0.6.

3. BOUNDARY CONDITIONS

We are assuming the bank location changes in time. Let  and 7 denote the j coordinates of the locations of
the right and left banks respectively. Denoting the total width by 3, we have the relation3=7 - R. We assume

that the average value of B is kept constant.
At the banks, the normal component of the flow velocity vanishes, such that

U8y=0 at §=R» 0-8,=0 at 7=1L (10)
where U is the velocity vector denoted by {7 = ([7,17).
and €,, and §,, are the unit vectors normal to the left and right banks respectively denoted by
L _ (SOLIR,\)) . _ (-0RIR,1) (11)
Cn = = > Swe T =
J1+ (@L/ex) J1+(@R/e%)
Figure 3 shows the boundary condition of sediment flux at banks. In this figure, the solid thick line indicates the

original bank line and broken line denotes the bank line after erosion. Because bank erosion takes place, the
amount of sediment corresponding to the bank erosion is supplied to the river channel from the bank. The time

variation of Z causes positive sediment supply to the river, such that
115 cosyy =-0,(R) &y (12)
Similarly, the relationship for INQ is
ﬂ%coswzféh@)-ém (13)
where y, is the angle between the bank line and the 7 axis, éb is the bedload vector, denoted by éb = (be’@hv)’
with M denoting the bank height.
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4. DEVELOPMENT OF BANK EROSION MODEL

In order to develop the bank erosion model, a typical cross-section of a channel consisting of a junction point
between the bank region and central bed region has been considered as shown in the Figure 4. We assume bank
erosion takes place because of an increase in bed shear stress near the bank. If sediment at the junction point
becomes large, sediment in the bank region starts to move (see Figure 4). Once sediment starts to move on the
sloping bank, sediment is pulled by the gravity to the central region, resulting in bank erosion. Therefore, we
assume that the bank erosion rate is proportional to the bed shear stress at the bank, such that

(14

—M%—Ifcosy/ ~7lo®)-0,); 1\7166—1;005;1/ 7oy -6)]

where 6, is the non-dimensional bed shear stress in the normal flow base state condition, and } is a constant
empirically determined which has a dimension of sediment transport rate.

\ L

Bank regh\‘

Junctio; point Central bed region

Figure 4: A typical channel cross-section.

5. NORMALIZATION
We introduce the normalization written in the form
(%5.B,L,R)=B,(x.y,B,L,R), (U.V)=U,(U,V),(H,2)=H,(H,Z) (15)
(-%,)4,8, (16)

(0,.0...0,,) = R.&d’ (0,.0,..0,,). = N

where En , U, ,and i, are the channel width, flow velocity, and flow depth in the normal flow base state,

respectively.
Applying the above normalization to the governing equations (1), (2), (3) and (6), we obtain
Ua—U+Va—U+F*2[aﬂ+a—Zj+ﬁc,7(Uz*VZ)hU=o an
ox oy ox Ox H
2 2\/2
L4 —z[aﬂﬁljwc/ werfy (18)
a o a0 H
QUH aVH _, (19)
ox dy
o 0. %, _, 20)
ot Ox oy
(0,.:0,,)= 0,(cossing) @
4 r oz (22)

where g is the aspect ratio defined as the ratio between the channel width and flow depth.

The dimensionless bed shear stress @ can be written in the formg = 0, (U2 + Vl), where 0, is the non-
dimensional bed shear stress in the normal flow base state, which corresponds to the Shields number.

The boundary conditions (10), (12), (13) and (14) are normalized in the form

U-8,=0 at y=R>U-%,=0 at y=L (23)
M%COSV/:*QAR}'EM{ at y=R (24)
M%COSI//:—Q,)(L)'EM at y=1L (25)

(26)

S Leosy =low-6,] ar y=r
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Mz—l;cost// = y[H(L) —6?”] at y=1L 27

where, y = 7/./R gd’ .

6. ASYMPTOTIC EXPANSIONS

For performing linear stability analysis, we introduce the following asymptotic expansions.
U=1+4U, exp[i(kx—a)t)], V= AVlexp[i(lcx—a)t)] (28)
H =1+ AH, expli(kx — a1)]s Z =-pC,F*x+ AZ, expli(hx— ar)] (29)
R = AR, explilhx — or)]> L =1+ AL expli(kx — o)) (30)

Where, A4 is the amplitude, in the linear level assumed to be infinitely small, k is the wave number and @ is the
complex parameter expressed as @ = @, *iw,, where @, is the angular frequency and @, is the growth rate of
perturbation. Substituting the above expansions in equations (17)-(20), we obtain

(ik +28C, U () + (ikF > = BC, ) H,() +ikF>Z,(y) = 0 (€2))
ik + pc, o+ 23y g2 92 (32)
dy dy
ikUl(y)+%+ikHl(y):0 (33)
dy
12 32 dV, 8”0(9 —9‘)3/2 d’z (34)
-iwZ (y)+24ik0,(0,-6.) " U,(»)+80.(0,-0,) " —L-—— 12—l
dy 50, dy
The above perturbation equations (31)-(34), are rewritten in the matrix form
L U=0 (35a)
where,
L=[1,], U= [U.V,.H,.2] (36bc)
L,=ik+2BC,, L, =0, L,=ikF?>-pBC, L,=ikF>, L,=0, L,=ik+pC,, Ly= F’Z%
o d . d . . 12
L,=F o L,=ik, L, :5’ Ly =ik,L, =0, L,=24ik6,(0,-6.) , L,,=0
_ 2 2
LM = 8@‘(0” - 9{»)3/21’ L44 = 8"95(9,, 1/290)3 %7iw
’ dy 6, dy

The boundary conditions reduce to

—ikR, +V,(0)=0, —ikL +V,(1)=0 (37
8 _ 3/2
—iwMR, ~8ik(0,~ 0, R, +8ik(6,-0,)" VI(O)—M 2,0 _, (33)
6, dy
32 312 81’(9 -0, )3/2 dz (1) 39
—ioML, —8ik(0,-0,) L, +8ik(0,-0,) V,(1)) -] 4l (39)
56, dy
—iwMR +270,U,(0)=0, —iwML, —2y0,U,(1)=0 (40)

Eliminating R, and L, from the above equations (37)-(40), we obtain

8r(6,-6.)" dz,(0
[_QM—S(QH—Q)3/2+8ik(9n—6{.)3/2}1/1(0)—"7”; O _, (41)
k 50, dy
/ 8-(0 -0 3/2
|:—QM—8(9,7—(9L,)3/2+8ik(9n—¢9ﬁ,)”}Vl(1)— r(9, 1/26) dZ'(l):O (42)
k B0, dy
T MV(0)+ 2/8,U,(0)= 0+ =7 MV,(1)~2/6,U,(1)= 0 (43)

Equations (31)-(34) are solved with the above four boundary conditions (41)-(43) with the use of the spectral
collocation method with the Chebyshev polynomials.



62 Md. Jahir Uddin and S. A. A Mamun Hossain Linear stability analysis of fluvial sand bar ......

Spectral collocation methods are a class of techniques used in applied mathematics to numerically solve
ordinary differential equations (ODEs), partial differential equations (PDEs) and eigenvalue problems involving
differential equations. The idea is to write the solution of the differential equation as a sum of certain "basis
functions" and then to choose the coefficients in the sum in order to satisfy the differential equation as well as
possible (Gottlieb and Orzag, 1977). In the Spectral Collocation method, the solution components are
approximated by piecewise polynomials on a grid.

7. NUMERICAL SOLUTIONS

We have used a numerical scheme to solve the governing equations (31)-(34) under the boundary conditions
(41)-(43). In the zone 0 <y <1, the variables are expanded in the form

U0)=2aT,@. )= dyun T(E) (44
H0) =Yty T/E)r 200 =Y gy T (E) (43)

=0 =0
where q;(j =0, 1, 2,...... , 4N+3) are the coefficient of the Chebyshev polynomials, and 7€) is the Chebyshev
polynomials in & of degree j. The independent variables & range from -1 to 1, is related to y, can be expressed by
the equation &= 2y-1 (0 <y <1). The expansion (44)-(45) substitute into the governing equations (31)-(34), and
the resulting equations are evaluated at the Gauss-Lobatto points defined by
_cos[mﬁ/N]+1 (46)
" 2

where, m =0, 1, 2,....., N. Therefore, the number of points where the governing equations are evaluated is N +
1. We have obtained a system of 4(N + 1) numbers of algebraic equations with 4(N + 1) unknown coefficient a,
a,, ay, ..., asy+3. The equations of the system are then replaced by the four boundary conditions (31)-(34). The
resulting linear algebraic system can be written in the form

(47)

Aynes
where L is a 4(N +1)x4(N +1) matrix in which the elements consist of the coefficients of Uy, ¥}, H; and Z; in

the governing equations (31)-(34) and the boundary conditions (41)-(43). The condition for (47) to have a non-
trivial solution is that L should be singular. Thus, we obtain

Lj=0 (48)
The solution of the above equation takes the functional form
w=olk,$:6,,0,,F,C,,M,r,y) (49)

In the above equation w is the growth rate of perturbation which is the function of wave number £ and aspect
ratio . From the solution we have obtained the different values of w with respect to & and f and discussed on
the results and discussion chapter.

8. RESULTS AND DISCUSSION
The contours of Jm[w] in the k- B plane for the case 0,=0.06, F=05, C,=0.01, M= 1, y=0.5 are shown

in Figure 5, where Im[w]is the Imaginary value of the growth rate of perturbation. The solid thick line indicates

the neutral curve dividing the stable and unstable regions. The broken line corresponds to the contours
corresponding to the positive growth rate. The figure shows that the unstable region appears in the range of
large aspect ratios and small aspect ratios. There is an unstable region appearing in the region, where g < 4, but

the present shallow water formulation is not valid in the range of small . The critical aspect ratio is
approximately 8, below which flat bed is stable.
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Figure 5: The contours of /m[w] in the Figure 6: The contours of /m[w] in the k- plane
k-p plane for the case @, =0.06, for the case ¢, =0.06, F=0.5, C, =0.01, M=1, y=0-

F=05,C, =001, M=1, y=0.5

For comparison, the contours of /m[w] in the k - § plane for the case 6,=0.06,F=05,C,=0.01, M=1, y=0

are shown in Figure 6. In Figure 6, y is taken to be 0, because y represents the coefficient of the bank erosion
model and the case y =0 corresponds to the case when there is no bank erosion. Thus, Figure 6 shows to the

instability diagram of ordinary fluvial bars. Since the spectral collocation method with Chebyshev polynomials
is used to obtain @ , only the largest value of fm[Re] is picked up. Therefore, the figure shows all the contours

for lateral wavenumbers more than unity. It is found from Figures 5 and 6 that the unstable region expands
slightly in the range of large k as y increases. There found to be a tendency that flat bed becomes more

unstable as the bank becomes more erodible.
The 3D plots of /m[w] in the k-p plane for the caseg =0.06,F =05, C,=0.01, M=1, for

7 =0 (Yellow color) y=1.5(Orange color) are shown in Figure 7. From this figure it can be seen that m[] is
higher for largey. Rate of change of bank erosion increases with increasing the value of y. So » is an
important parameter for the analysis of instability of bar.
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Figure 7: The 3D plots of Im[w] in the k - g plane Figure 8: Im[w] versus k(4,=0.06, F=0.5,
for the case 9, =0.06, F=0.5, C,=0.01, M =1, for €, =001, M=1,y=0.1).
y =0 (Yellow color) y =1.5(Orange color) .

The dependence of growth rate fu[w] on the parameters g, F, y and k is shown in Figure 8. Since all curves
were obtained from the same value of c,» smaller values of g represents river with smaller aspect ratio. Here, it
can be seen that maximum jp[] increases with increasing the aspect ratio. The curves are shifted from left to
right with increasing wave number for different aspect ratio. Figure 8 shows the plot of Im[w] with &, where,
6,=0.06, F=0.5, c,=001» M =1 and y =0.1 for different aspect ratio . From this figure, it can be seen
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that maximum growth rate increases with increasing the aspect ratio g. The curves are shifted from left to right
with increasing k for different aspect ratio g.

004 ——F=01 0.04 - —— gamma=0
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Figure 9: Im[w] versus k (6, =0.06,4=25, C, =001, Figure 10: /m[w] versus k(g,=0.06, p=25,
M=1,7=0.1). C>/»=0.01,M=1,F=OA5).

Figure 9 shows the variation of /m[@] versus k (6,=0.06, f=25, C,=0.01, M =1,y =0.1) for different
Froude number. From this figure, it can be seen that after the value of wave number 2, the growth rate decreases
with the increasing the Froude number. It can also be found that, when /> 0.1 and k > 8, the values of m[w]

become negative and there found maximum growth rate of perturbation, and for after £ =2 the growth rate of
perturbation decreases with increasing wave number k. Therefore, it can be said that Froude number and wave
number has an effect to decrease the growth rate of perturbation of sand fluvial bar. Figure 10 shows the
variation of Im[w] with wave number k (0,=0.06, p=25, C, =001, M=LF =0.5) for different value of y.

For y =0 maximum growth rate appears on wave number 2 and then decreases upto wave number 5. After

wave number 5, the growth rate goes to zero. It is also seen from the figure that maximum growth rate increases
with increasing value of } . Figure 11 shows the variation of /m[w] with wave number & (8, =0.06, B=25,

C,=001,F=05, y= 0.1) for different non-dimensional bank height. From this figure it can be seen that the

maximum growth rate increases with the increasing non-dimensional bank height M. At =2 , there found

maximum growth rate of perturbation and after k=2, the growth rate decreases with increasing wave number.
004 4 —— =2

0.03 b

—— M=5

002 4

0.01

Im[w]

] T

-0.01 4

-0.02 -

Figure 11: /m[w] versus k (¢, =0.06, f=25, C,=0.01,F=0.5, y =0.1) for different bank height.

9. CONCLUSION

A linear stability analysis of fluvial sand bar with bank erosion is presented. It was determined whether the
perturbations will grow, decay or be constant depending on typical values of parameters [ and the wave

number k . If a positive value for the growth rate of perturbation is found, the growth rate is increasing i.e.
unstable condition. With increasing ¥ , unstable region gets bigger and stable region gets smaller. Expanding

unstable region means instability of bar increases with increasing bank erosion. The maximum Im[®]
increases with increasing the aspect ratio and J, and decreases with increasing the Froude number. The
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maximum growth rate also increases with the increasing non-dimensional bank height. The rate of change of
bank erosion is higher for higher value of bank erosion coefficient . Therefore, ) is an important parameter

for the analysis of instability of fluvial bar.
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