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ABSTRACT

Linear stability analysis of fluvial sand bars with bank erosion is conducted with the use of the shallow-
water equations. This study employs simple assumptions of bank erosion process that the average value of
total channel width is constant, and the bank erosion takes place due to increases in the bed shear stress in
the vicinity of banks. Analytical solution is obtained by the use of asymptotic expansions around the state
of no bank erosion (the bank erosion coefficient y equals 0) in order to clarify the effect of bank erosion on
the instability of sand bars with different lateral wavenumbers. From the analytical solution, instability
diagram is obtained for different values of y and found that bank erosion stabilizes the bed in the ranges of
small wavenumbers, and of large wavenumbers and large aspect ratios.
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1. INTRODUCTION

Fluvial bars are one of the characteristic morphological features observed in rivers. Bars can be classified
as free and forced as relating to their origin. Free bars spontaneously develop because of instability of the
flow bed system (Seminara and Tubino, 1989). Single row alternate bars are the familiar type of free bars
in sandy streams and gravel bed rivers when the channel is narrow enough (Callander, 1969). In the case of
a channel that represents large width to depth aspect ratio, the rivers grow multiple bars leading to braiding
patterns (Fujita and Muramoto, 1985). Fluvial bars may also be forced (called forced bar) by various
effects like curvature, variations of channel width or confluences etc.

In nature, river banks are erodible and sinuous channels are often accompanied by fluvial bars. (Ikeda et
al., 1981) studied the stability analysis of a sinuous channel with erodible banks and found conditions for
the lateral bend amplitude to grow. Their study gave validation of the previous works assumption that
alternate bar formation ultimately leads to a meandering channel with an initial wavelength close to that of
alternate bars. (Nakanishi et al., 2005) performed one-dimensional analysis of bed evolution accompanying
bank erosion. They derived a diffusion equation including an advection term to analyze riverbed evolution
accompanying riverbank erosion by considering the sediment supply from bank to bed. A numerical
analysis of river channel processes with bank erosion has been presented by (Nagata et al., 2000). The
model they developed used to investigate the effect of alternate bars on bank erosion.

There have been a number of analytical studies on fluvial bars, but they are assuming straight fixed banks.
Since the first analytical study on the formation of bars in terms of linear stability analysis performed by
(Callander, 1969), a great number of analytical studies have been conducted by researchers in the fields of
not only civil engineering also geophysics and mathematics. It can also be said that analytical study has
been well developed by weakly non-linear stability analysis of (Colombini et al., 1987). They studied to
determine the development of finite-amplitude alternate bars in straight channels with erodible bottoms,
and consider the flow in a straight channel with constant width and non-erodible banks. The result of their
two-timescale analysis was a so-called Landau-Stuart equation describing the time evolution of the wave
amplitude. They also derived that all non-transient solutions of this equation are periodic and signify a
finite-amplitude periodic alternate bar pattern. Their theory also led to relationships for the maximum
height and the maximum scour of bars which compare satisfactorily with the experimental data of various
authors. Linear stability analysis on the meander formation originated by alternate bars has been
conducted by (Shimada et al., 2013) and their results indicate that meanders induced by alternate bars will
exist and they have longer wavelength than that from previous bar-theory.

There is only one study on bars with sinuous fixed banks by (Fu-Chun and Tzu-Hao, 2005), but it can shed
no light on the interaction between bars and bank erosion that should exist in nature. They have studied the
forced bars induced by variation of channel width. Their investigation makes clear conditions under which
different types of forced bars may form in channels with periodic width variations. They used a depth
average two-dimensional model incorporating a simplified correction for helical flows induced by stream
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line curvature to obtain analytical solution of bed deformation, and verify the model results with flume
experiment. Their analytical solution is used to obtain a criterion for central bar formation, which implies a
condition necessary for incipient bifurcation. In terms of the relation between river bank geometry and
river bed topography in nature, however, not only the former affects the latter, also the latter affects the
former. There should be a mutual interaction between river bank geometry and river bed topography.

In this study, we perform linear stability analysis of sand fluvial bars with bank erosion incorporated. In
order to clarify the effect of bank erosion on the instability of sand bars, we obtain analytical solution by
the use of asymptotic expansions around the state of no bank erosion in which the bank erosion coefficient
y vanishes. Because y is a coefficient representing bank erosion speed, the problem reduces to the original
bar instability problem at the lowest order of y.

2. FORMULATION OF THE PROBLEM

2.1 Governing Equations

This paper studies the linear stability of erodible banks as well as beds for small disturbances. The flow in
the channel is considered with sinuous bank as shown in Fig. 1. It is assumed that the length scales of bar
formation and bank erosion in the streamwise direction are the same order of magnitude in the region of
linear stability analysis. It is, then, expected that the flow can be described by the shallow water equations
of the following dimensionless form

2 2)12 1
Ua—UJrVa—UJrF’Z(aiJra—Z]JrﬂC/i(U +7’) Y_o 1
Ox dy 0. ox H
2 22 2
U0l+Vﬁl+F,3 07H+672 +ﬂc/M:o ( )
Ox oy oy Oy H
oUH oVH €))
+ =0

ox dy
where x and y are the streamwise and lateral coordinates respectively, U and V are the x and y components
of the flow velocity respectively, H and Z are the flow depth and bed elevation respectively, which has
been defined by the following way
(£.5)=B,(v). (0.7)=0,(U.7) (4a,b)
(A.2)=1,(H.2) &)
Here, B> Y, and |, are the channel width, flow velocity, and flow depth in the base state flat bed condition.

The tilde is used to indicate dimensional variables here after. Also, S is the aspect ratio and F' is the
unperturbed Froude number. We find

B=B,/H. F=U,IJgH, (6)

Right bank

Figure 1: Conceptual diagram and coordinates. Figure 2: Boundary condition of sediment flux at
banks.

The parameter C; being the bed friction coefficient, which is known to be a week function of the flow
depth relative to the roughness height. However, it is assumed to be a constant for simplicity herein.
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Suppose next that the sediment flow rates are made dimensionless using [ .7+ as an appropriate scale.
Thus we write

(QN/]’ths Q~by) = R,‘g‘i} (Qb’Qb,\"Qby) ™

Where, R; is the submerged specific gravity, which is assumed to take a standard value of 1.65, g is
gravitational acceleration (=9.8 ms?), and , is the sediment diameter. If we scale time 7 by writing

i=1(1-2,)A,8, /R gd: ®

Then the time variation of the bed elevation is described by dimensionless form

Z 0, Oy _, ©)
o ox oy

where, J is porosity, and Q. and Q,, are the x and y components of bedload sediment transport rate
» y

respectively, which are expressed by the use of the angle between the direction of bedload and the x axis,
@, such that

0.-0,,)= 0,(cos g.sing) (10)
In the above equation Q, is the total bedload rate, which is assumed to be described by the Meyer-Peter
and Muller formula,

0,=8(60-0.)" )
where 6 is the non-dimensional bed shear stress, 6, is the non-dimensional critical bed shear stress, which
is assumed to be a constant of 0.047. The non-dimensional bed shear stress is defined by

6="T4/pR g, (12)
where 7, is the total bed shear stress, written in the form
T = pC, (07 +77) (13)

where p is the density of water. The sine of the direction angle of bedload, sin ¢ is expressed by the

following formula,
v r oz (14)

where r is a coefficient and we use it’s value as 0.3.

It might be worthwhile to point out that the non-dimensional bed shear stress in the above equation & can
be described by

0=0(0*+1?) (15)
where 0, is the non-dimensional bed shear stress in the base state flat bed condition, which is sometimes
called the Shields number.

2.2 Boundary conditions

We assume that the locations of banks are shifted over time. Figure 1 shows the conceptual diagram and
coordinates system employed in this analysis. Denoting the y coordinates of right and left banks by R and L
respectively, and the total channel width by B, we obtain the relation

B=L-R (16)
where we assume that the average value of B is constant, but B itself can change in space and time. B, L
and R can be defined by the following way

(B.L.R)=B,(B.L.R) (17)
The flow cannot penetrate the both banks, so that the velocity components normal to the both banks should
vanish respectively, such that

U-e,=0, U-e, =0 (18a, b)
where the quasi-steady assumption has been employed as well as in the shallow water equations. In the above
equation, U is the velocity vector, defined by

v=(Uy) (19)
In addition, ey; and eyy are unit vectors normal to the left and right banks respectively, expressed by
(-0L/dx,1)  (=0R/ox,1) (20)

(eJVL >€ng ) =

J1+@L/axy 1+ (@8R axy’

Figure 2 shows the boundary condition of sediment flux at banks. In this Figure the solid thick lines
indicate the original bank line and broken lines denote the bank line after erosion. Bank erosion produces
sediment supply from the banks to the channel. When the time variation of R is positive, the deposition
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takes place on the right bank. Therefore, the sediment is absorbed by the right bank, and the negative
sediment supply takes place on the right bank. That process is formulated by

(MfZ—ﬁC,sz)Z—fcosy/:—Qh(R)-eNR at y=R @n
where M is the bank height defined by 3r =W/, , and 7, BC, Fx is the deviation of the bed elevation from
the original plane bed.

Similarly, the boundary condition with respect to sediment continuity at y=L takes the form

(M7Zf,BC/F2x)%cosy/:7Q1,(L)-eNL at y=1L 22
where v is the angle between the bank and the y axis, and @, is the bedload vector, described by

9,= (Qm ’Qby) (23)
23 Bank erosion model

\ L

Bank NN

Junctio; point Central bed region

Figure 3: Typical channel cross-section.

Bank erosion can take place from a variety of mechanisms in which lots of factors play a role. It can be a
result of discharge-induced flow and sediment transport, but also of processes beyond the basic system of
river morphology. If the bed shear stress at the junction between the laterally sloped bank region and the
horizontally flat central bed region increases, sediment on the bank region starts to move (Fig. 3), (Ikeda
and Izumi, 1990). Once sediment starts to move on the bank region, sediment is removed from the bank
because it is pulled in the lateral direction by the gravity. This results in bank erosion. It is assumed,
therefore, that the bank erosion speed depends on how large the bed shear stress at the junction is
compared with the critical bed shear stress.

We employ a simple relation of the form

Maa—ljcosy/ = —}/[H(R)—H"] at y=R 24

M%coswz—y[H(L)—Ql] at y=1L (25
(¢

where 6, is the non-dimensional bed shear stress in the base state flat bed condition before bars are formed.
In addition, y is the speed of the bank erosion coefficient, defined by y:(l—lp)f// [R ga* and 7 is an

empirical constant with the dimension of sediment transport rate.
3. LINEAR STABILITY ANALYSIS BY ANALYTICAL METHOD

3.1 Asymptotic Expansions with A

We impose perturbation with a sinusoidal shape on the flow velocity, flow depth, and bed elevation. For
performing linear stability analysis, we employ the asymptotic expansions of the form

U(x,y) ; U,(y) (26)
Vixy) | n(y) s
Hoy) |~ | +4 H(y) exp [i(kx— 1))

Z(x,y,t)) \-BC Fx Z,(y)
where A4, k and @ are the amplitude, wavenumber and angular frequency of perturbation, respectively. At
the same time as the above variables, the locations of the right and left banks R(x,z) and L(x,?) are expanded
in the similar form

(R,L)=(1/2,-1/2)A(R,,L,) exp[i(kx — wt)] (27)
Substituting the above expansions into (1)-(3), (9), (18), (21), (22), (24) and (25) we obtain the following
differential system at O (A):
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(ik +28C, )U,(n) + (ikF 2 = BC, ) H,(») +ikF>Z,(3) =0 (28)
W+ﬁqﬁqﬁ+Fﬂgi+F*%5:o (29)
y
ikU(y)+gK~kMHKy):0 (30)
dy
, 80,(0,-6,)"" & .
—wZ,(y)+24ik6,(0,-0,) " U,(»)+86.(0,-0.)" ﬂ—Md—Z; =0 G
dy 56, dy

D12y 8r(,-0.)" dz,(+1/2) (32)
ko BO"” dy
%MK(il/Z):?ZyQ,UI(iI/Z) (33)
which can be solved with the four boundary conditions (32)-(33) in the following manner.
Linearly independent solutions are denoted by
(UI,VI,HI,Z])=(u,v,h,z)expay (34
Substituting the above equations into (28)-(30), we obtain the algebraic equation in the matrix form
L(a)u=r(a)z (35)
where

ik+28C, 0 ikF-fC, (36)
L@)=| 0 ik +BC, aF”?

ik a ik

_ikF? u (373, b)

ra)=|-aF?|, u=|v
0 h

The above equations can be easily solved to show that u, v and % are all expressed in the form of multiples
of z, such that

u=f(a)z, v=f(a)z, h=f(a)z (38a,b,c)
where £ (a), JAC)) and f,(a) are defined by

J.(@) (39)
f(@)|=L"(@)r(a@)

Ji(@)

Substituting (38) into (31), we obtain an algebraic equation in the following form:

Ma'+T,a° +T, =0 (40)

The four solutions of the above equation is obtained and among the four solutions, either of the following
two solutions with positive signs before the radical sign

Jfrz wfrioarr,  [-r,-Jri e (41a,b)
2T, Y 2T,

is denoted by «a,, and the other a,. The four solutions are then written in the form

a=a, a,=-a, o=, a=-aq, (42)

Substituting a obtained in the above into (38), we obtain

u = f @)z, vi=fa)z, h=fla)z, (=1234) (43)

3.2 v Expansion

The solution of the problem can be simplified by using the y for the cases both of the banks being in phase
and out of phase. In order to clarify the structure of solution, all the variables are expanded with the use of
y. That is

U(y) U Uu(y) (44)

N |_| "® iy Va@)

H,(y) H,y(y) H,\(y)

Z) \Zo®) Zu(y)
Correspondingly, the complex angular frequency w is also expanded as

0 =0,+yo, (45)
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3.2.1  The Case of Both Banks Being in Phase

At first the solution has been done for the simplest cases, both banks being in phase. The following relation
holds in that case:

R=L (46)

It is then found, from the boundary conditions that 7; is an even function and symmetrical with respect to
the x axis, while U; and Z; are odd functions and symmetrical with respect to the origin. Substituting the
(44)-(45) into (28)-(31), we obtain the following results at each order of y.

At O (1) i.e. the lowest order of y, we obtain the following equations

(ik+28C, ) U, +(ikF™ = BC, ) H,y +ikF 2 Z,, =0 (47)
(ik+ BC, W+ F2 Sy p2 80 g (48)
dy dy
ik, + 30 ik =0 (49)
dy
av,, 8r0.(0,-6.)" 4’z
iy Z,, + 24ik0, (0, - 0,) " U,, +86, (0, —0,)"> S0 - 2T~ % 10— (50)
dy B0, dy
Vm(l/2)=0, leUél/z)zo (Sla, b)
ly

From the symmetry of solutions, four boundary conditions are reduced to be above two. The solutions of
the above differential system take the form

Uy =2/, (a,)sinha,y+z,,f.(a,)sinha,y (52a)
Vie =21 /o (@, )sinha,y +z,, /. (a, ) cosh e, y (52b)
H,, =z,./,(a,)sinha,y+z,,f,(a,)sinha,y (52¢)
Zy, =z, sinh @,y + z,,, sinh ar, y (524d)
where the above solutions satisfy the boundary conditions (52) only when ¢, = ni (n =1,3,5.cc...... )
and 210, =0, OF @, =nri and 2, =0-

We assume

a,=nzi (n=135,......) and (53)

Z, =0 (54)

Substituting the above equations into (50), we obtain following equation

8(6,-6.)"r
@, =24k6,(6,-6,)" f.(a,)-i8(6,-6.)" a,f, (aa)+"ﬁTf2a“2 (55)
At O (y), we obtain the following equations
(ik+28C, U, +(ikF* = BC, ) H,, +ikF *Z,, = 0 (56)
. LdH, o ,dZ, 57
(1k+[)’Cf)V“+FZF”+FZE”70 (57
kU, + d;/“ +ikH,, =0 (58)
ly

8r0.(6,-6,)" &
—-iwyZ,, +24ik6, (9,, -0, )1/2 U, +806, (9,, _00)3/2 d(;/“ Rk (ﬁngl/z : ) ddzzll =iwZ, (59)
y n y
8(0,-6.)"" r dz,(1/2
oMy, (112)+ DMy, (1/2) = - 22 u(1/2) (60)
k k 0! dy
%MVH(I/ZH%MVIO(IM):—ZHHUIO (1/2) (61)

It is found that (59) has the same form as (50) except for the right hand side. The homogeneous part of U,,,
Vi1, Hj; and Z;; in (59) has the same form as that of Uy, Vi, Hjy and Z;y in (50), and only the
inhomogeneous part is different. In addition, the inhomogeneous part has the same form as the solution of
homogeneous equation. The solution of the inhomogeneous differential system can be expressed by the
combination of the general solution and the special solution in the form

U, =u,,sinhe,y+u,,sinha,y+u, ycosha,y (62a)
Vi =v.cosha,y+v,,cosha,y+v, ysinha,y (62b)

H, =h,, sinhe,y+h,,sinha,y+h, ycosha,y (62c)
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Z, =z,,sinha,y+z,,sinha,y+z, ycosha,y (62d)
By substituting the above equations into (56)-(58), we derived some equations where each coefficient
contains the terms sinha,y, sinha,y, ycoshea,y, cosha,y, coshe,y and ysinhe,y which are linearly
independent, so that each coefficient should vanish. Therefore, we obtain

Uy, 0 (63)
L(aa)‘ Via |= r(aa)zn,a + -F? (hll,s +Zn,.x)
h, .
Uy Uy
' ' (64a, b)
L(a,)| v |=r(2) 21, L) v, |=r(a,)z,
Iy, by

Solving (64) by using (39), we obtain

Uy Ju (ab) Uy I (0‘”) (653, b)
Vi | = fv(ab) Zigps | Vs | T fv(aa) Zins
By file) By, T (aa)

Solving (63) by using (65), we obtain

U, fu (aa) 8. (aa) (66)
ViLe | = fv(aa) Zie T g\f(au) i

_hl La 7./[11 (aa) & (aa)

where

8.(a,)] 1 0 (67)
g(a,)|=L(a) | -F[/,(a)+1]

| & (a« )_ _f‘(a)

Substituting the above equations into the Exner equation (59) and eliminating some terms according to the
result of (55) at O (1), we obtain the following equation

8(6,-6.) " r .

5O 20,2, — 02,y =0
We can obtain @, from the above equation by evaluating the relationship between z;;, and z;) from the
boundary conditions (60) and (61).

24ik6,(6,-0,)" g, (a,) 2, +8(6,~0.)"* [, (@) + £, (a,)]z0s - (68)

3.2.2  The Case of Both Banks Being out of Phase

Let us assume another case of both banks being completely out of phase. Such that

R =-1I, (69)

In this case, from the boundary conditions we find that 7; is an odd function and symmetrical with respect
to the origin, while U; and Z; are even functions and symmetrical with respect to the x axis. For evaluating
@, and @, in this case, similar calculation has been done (except sin and cos are replaced by cos and sin

respectively) as for the case both bank being in phase.

4. RESULTS AND DISCUSSION

The contours of Im[w, + yw,] in the k-f plane for the case §,=0.06, F=0.2, C~0.01, M=1, y=0 (dashed line),

y=0.04 (dashed dotted line) and y=0.1 (solid thick line) for different lateral wavenumbers n are shown in
Fig. 4(a) in the case of both banks being in phase and (b) in the case of both banks being out of phase. All
the curves shown in these figures are neutral instability curves. In Figure 4(a), the case n=1 corresponds to
single alternate bars, and the cases n >1 to multiple bars. Meanwhile, in Figure 4(b), the case n=2
corresponds to double row bars, and the cases n >2 to multiple bars.

In the all cases of lateral wavenumbers, the unstable regions generally expand in the direction of increasing
k due to bank erosion. That tendency is remarkable especially in the case of single alternate bars (n=1 in
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Fig. 4(a)). The expansion of unstable region in the direction of increasing k& means that the wavelength of
bars decreases. Therefore, bank erosion has an effect to decrease the wavelength of bars. We can also see
from this figure that if the value of y is smaller than 0.04, the effect of bank erosion is negligible. In figure
4(a) and (b), it is also seen that the discontinuity occurs on the curve when y=0.04 and 0.1 in the region of
the larger aspect ratio f. This is the limitation of this analytical method.

100

20 80 g \
: .| I,:I ."--.L.__._,_
E
] G011
[ Wy
- = i n=
t i! r::-\-_,_u_,__ -
aol il my II
[ s
A 20
L] P T S R R R L S S S S
[} 3 10 15 20 L 5 10 15 20
k k
(a) Case of both banks being in phase (b) Case of both banks being out of phase

Figure 4: The contours of Im[w, +yw,] in the k- plane for the case 6, = 0.06, F = 0.2, C;=0.0l, M =1,
y= 0 (dashed line), y= 0.04 (dashed dotted line) and y= 0.1 (solid thick line) for different lateral
wavenumbers 7.

The contours of Im[w,] in the k-f plane for n=1, n=2 and »n=3 are shown in Figures 5(a), (b) and (c)
respectively, where 6,=0.06, F=0.2, C~0.01, M=1 and o, is the growth rate of perturbation in the order of
y. The solid thick line shows the neutral curve which divides the positive and negative regions of ;. The
dotted lines and dashed-dotted lines show the positive and negative contours of w; respectively.

In these figures it is visible that @w; have a tendency to stabilize the flat bed in the range of small
wavenumbers, and in the range of large wavenumbers and large aspect ratios. Stabilization area slightly
expands in the range of small wavenumbers with increasing the lateral wavenumbers 7.

Figure 5(a) and (b), also shows that the flat bed is destabilized in the region where £ is smaller than
approximately 2. Since the present shallow water formulation is not valid in the range of small S, the
physical meaning of this unstable region is not clear.

It can be observed from Figure 5(c) that for multiple bars destabilization zone is expands higher than single
alternate and double row bars with increasing the aspect ratios. Another destabilization area has been seen
in the range of large aspect ratios from this figure.

L L N A B A l!l]:'_n"|"|r"""""""'”

[ 1

-q2

I 1 1 l ~0.1
B 41l

L Prgr e spganannmnppannmnnnanna |
4] 5 (4] 15 Hl
k

10 15 20
k

(a) n =1 (Single alternate bars) (b) n=2 (Double row bars)
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k
(c) n =3 (Multiple bars)

Figure 5: The contours of Im[w,] in the k-f plane for the case 6, = 0.06, F = 0.2, C;= 0.01 and M =1,
where, (a) n = 1 (Single alternate bars), (b) n =2 (Double row bars) and (c) n = 3 (Multiple bars)

S. CONCLUSION

A linear stability analysis of fluvial sand bars relating bank erosion was proposed. The analysis was
performed by the use of the shallow water equations, the Exner equation, and the bank erosion equation
newly proposed in this study. We make use of simple assumptions that the average value of total channel
width kept constant, and the bank erosion takes place due to increases in the bed shear stress in the vicinity
of banks, and the bank erosion speed depends on how large the bed shear stress at the junction is compared
with the critical bed shear stress. It was found from the analysis that the tendency of expanded unstable
region is remarkable especially in the case of single row alternate bars. It is also found from the analysis
that bank erosion has an effect to stabilize the bed in the ranges of small wavenumbers, and of large
wavenumbers and large aspect ratios.
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