Journal of Engineering Science 02(1&2), 2011, 37-40 JES

an International Journal

COMPACTNESS IN FUZZY SUPRA TOPOLOGICAL SPACES

M. Y. Molla', D. M. Ali* and Md. Bazlar Rahman""

'Department of Mathematics, Khulna University of Engineering & Technology, Khulna-9203, Bangladesh
“Department of Mathematics, Rajshahi University, Rajshahi-6205, Bangladesh

Received: 06 June 2011 Accepted: 08 August 2011

ABSTRACT

The aim of this paper is to introduce and study compactness in fuzzy supra topological spaces. Many properties
and characterizations of this with concept have also been investigated.
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1. INTRODUCTION

In 1965 American mathematician Lotfi A. Zadeh introduced the notion of fuzzy set which has useful
applications in various fields. The Fuzzy Supra topological space is a generalization and fuzzification of general
Supra topological space. In this paper, we introduce compactness in fuzzy supra topological space and also
establish a number of characterizations in this regard.

Let X be a non-empty set, and let I = [0, 1]. Let F* denote the set of all mappings A : X—> I A member of F¥is
called a fuzzy subset of X. The union and intersection of fuzzy sets are denoted by the symbol Vv and A
respectively and defined by

v Ai=max { A x)|icJand xe X}
A Ai=min { A (x)| i€ J and x € X} where J is an index set.

Definition: 1.1. Let X be a non-empty set, and 1= [0, 1]. A subfamily ¢* of I* is said to be fuzzy supra topology
on X.(Monsef and Ramadan 1987) if

(Ho,1 er
2 a;e f forallieJthen v ;e £

(X, t) is called a fuzzy supra topological space, in short fsts. The elements of ¢* are called fuzzy supra open set
and their complements are called fuzzy supra closed set. The lower semi continuous functions on XX R is

denoted by symbol L(pe)and defined by L(pe):{(x, r): pe (x)>r} where B C ®(¢")and Sup ,cp HZ O, re
[0, a]=la,a>e€.

Definition: 1.2. Let (X, tf ), (Y, [; ) be two fuzzy supra topological spaces. A mapping, f: (X, [r) -, t;) is
called fuzzy supra continuous if the inverse image of each fuzzy supra open set in (¥, t; ) is Z‘T fuzzy supra open
in X.

Definition: 1.3. Let X be a non-empty set and T" be a supra topology on X, and let £'=( T") be the set of all
lower semi continuous functions from (X, T") to I with usual topology(Lowen 1977). Thus

=0T ={ucF:w'(r 1) € T}, where re [0, 1)=I,.
2. COMPACTNESS PROPERTY OF FSTS
Definition: 2.1. Let (X, #) be a fsts. A family F of fuzzy supra open sets is a cover of a fuzzy set M if and only

n
if uc {v pi ieF;}. Itiscalledacover of X, if ‘\—/1 =1

Definition: 2. 2. A fuzzy supra topological space (X, ¢") is fuzzy supra compact, if every supra open cover of X
by the members of ¢ contains a finite sub cover, that is if Hie t" forallicJ, (J is an index set) then there are

n
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Definition: 2. 3. Let (X, ¢') be a fsts. and oL € 1. A collection T* < F* is said to be a fuzzy supra o -shading if
and only if for every point x € X there exist A € T~ such that A (x)> ..

Definition: 2. 4. Let (X, 1) be a fsts. Let o €I then (X, t') is said to be O -supra compact if every fuzzy supra
open O -shading of the space has a finite O -sub shading (Lowen, 1977).

Theorem: 2.5. Let (X, ¢') be a fuzzy supra topological space. Then the following conditions are equivalent.

() {pi},ie Jisacover of X.

(2) \/ #i=1whereie JV xe X.

ieJ

BG) A #i=Owhereic JV xe X.
ieJ
Proof: (1) = (2). It is clear from the definition of a Cover, since { 4/ ; } , i€J is a cover of X means that Vv
ieJ

M, =lwhereie J, V xe X.

(2) = (3) Since /\J M, =inf { 11} wherei € J, V xeX.
1€

=1l-sup { i, }, whereieJ, V xeX.
=1-1=0.

(3)=>(1) From (3) as above it can be shown that v /. =1. Which implies that { £, } is a cover of X.

ieJ

Theorem: 2.6. Let (X, T, (¥, S”) are two fuzzy supra topological spaces, with (X, T") fuzzy supra compact. Let
f: X—> Y be a fuzzy supra continuous surjection. Then (¥, §) is fuzzy supra compact.

Proof: Let u;€ 8" for eachie J with v u;=1.Since fis fuzzy supra continuous, so
ieJ

f_1 (u) € T .As (X, T") is supra compact, we have for each x € X, \/J f_1 (u;) (x) =1.
1€,

\% f71 (u j)=1.Let u be a fuzzy set in ¥. Since fis a surjection we observe that for any y€ ¥
ieJ

FOF () ®=Swi [~ Ww@:ze [ o)
= Sup{u (£ (2)): f(z) =y} =u(y)

so that f(f_l(u ))= u . This is true for any fuzzy set in ¥. Hence
=Y )=V A @) = v oug

Therefore (¥, 8) is fuzzy supra compact

Theorem: 2.7. Let (X, T°), (¥, S") are two fuzzy supra topological spaces, and let f: X—> Y is a fuzzy supra
continuous surjection. Let A is a fuzzy supra compact set in (X, 7"). Then fA4) is also fuzzy supra compact in
(¥, 8.

Proof: Let B= {Gi : ieJ }, where {Gi} be a fuzzy supra open cover of f{4). Then by definition of fuzzy supra

. PN . . .
continuity A= { f (Gi):i e J}is the fuzzy supra open cover of 4. Since A4 is fuzzy supra compact, then there

n
exists a finite sub cover of A4, thatis (G, ,k=1,2,3,......... n, such that A C Vv fﬁl (Gu)-
i=1

Hence A)f (V. [~ (Ga )=V A f~ (GaDE V. G-
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Therefore f'(A) is fuzzy supra compact.

Theorem: 2.8. Let (X, T, (¥, ") are two fuzzy supra topological spaces. Then the product (X x ¥, &) is fuzzy
supra compact if and only if (X, T") and (¥, §") are fuzzy supra compact.

Proof: First suppose that (XX ¥, 8* ) where 8* = {G;xH;: G;e T and H;e S} is fuzzy supra compact, then we
can define a fuzzy continuous surjection mapping ; and g; from (Xx ¥, & Yto(X, T") and (¥, S”) respectively.
Now by the theorem 2.6; (X, T *) and (¥, S*) are fuzzy supra compact.

Conversely, let (X, T") and (¥, S”) are fuzzy supra compact. Since S ={G;xH;: G;e T and H;c S forieJ}

where G; and H; are fuzzy supra open set. We claim that {G;: i€ J } is a cover of X, and { H;: i€ J }is a cover of

Y. That is if v Gyx)=1 forallxe X, and if \, Hy(y)=1forallye Y, then v/ {(Gix Hy)(x, y)}=Sup{min{Gix),
i€l

i€l i€l

H;»)}}. Hence we have finite subset J of J for which vy Gyx)=lor Y H;(y)= 1. Hence we have 8* ={G;xH;:

i€l i€l

G;c T and H;e S for i€ J}is a finite sub cover of (Xx ¥, S ). Hence (XX ¥, S )is fuzzy supra compact.
Corollary: 2.9. If ( X; , §; )i <J is a family of fuzzy supra compact topological spaces then (e J Xi , meJ O; )
is also fuzzy supra compact.

Theorem: 2.10 The fuzzy supra topological space (X, ®(¢) is fuzzy supra compact if and only if (X, ¢') is
supra compact.

Proof: Firstly suppose that (X, ¢') is supra compact, let Bc ® (") be such that Sup . 4> . Let the lower
semi continuous functions L(pE ={(x, r): pe (x¢)>r} is an supra open set of XX R, re[0, . ]=l«,a > € .Now

Sup s L(p,e) D Xx1 o, we know that X o X I is supra compact. Hence 3 finite subfamily 3, < 3, which
covers X = (X, ®(¢")) is fuzzy supra compact.

Conversely, suppose fuzzy supra topological space (X, ®(¢) is a fuzzy supra compact. Then from definition of
fuzzy supra compactness 3 B, B and z; e B such that Sup z£= 1. Hence (X, t') is supra compact.

Theorem: 2.11. Let (X, ) is a fuzzy supra topological compact space then there exist a fuzzy supra compact
topology ®(¢") in which every closed fuzzy set is also fuzzy supra compact.

Proof: Let o and ¢° € ®(t), and B < @(¢) such that Sup,., #> 0. Now ¢ € ®(t)=1-0 € ®(t),
hence the collection 7( QL ) = {(x, r): O (x) <r} is fuzzy supra open in XX I.

Therefore T( Q. )° is fuzzy supra compact. Choosing € > 0 and taking p,e = U+€,wehave

Sup .5 L( p,e )=T(a)° so there exist finite subfamily (3, of 3 such that Sup ., L( p,e Y=>T(o) . Soin ®(t)
for which every closed fuzzy set is also fuzzy supra compact. Hence the proof of the theorem is complete.
Theorem: 2.12. Let0 < o < 1 then a fits (X, ¢) is fuzzy O - supra compact, iff (X, t; ) is OL- supra compact.
Proof: Let (X, ¢) is fuzzy o.- supra compact, Let p1= { W 1€ A} be a supra open cover of (X, t:; ). To show

X t; ) is OL- supra compact, we have to prove that every open cover has a finite sub cover. Since U is a supra

open cover of (X, t; ) then by definition of t; there exist x € X and M €M be such that Ky (x)> o.. Again by
0 0

definition of fuzzy OL-supra compact of (X, ¢') each W, has a sub cover ui:l , Hence (X, t;) is Ol- supra

compact.

Conversely let (X, t;) is Ol.- supra compact then by t; shading it is clear that (X, ) is fuzzy o- supra
compact.
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