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ABSTRACT

A convex sublattice of a lattice, L containing an element 7 € L is called an n-ideal. The set of all finitely
generated n-ideals is denoted by F, (L), which is a lattice. A distributive lattice with 0 is called an m-normal
lattice if its every prime ideal contains at most m number of minimal prime ideals. In this paper we include
several characterizations of those F, (L) which form m-normal lattices. We also show that F (L) is m-normal

iff for any X, X ,eceeeeeenn. , X, € L, with m(x,,n,x ) =n implies <x0 >Z Vo v <xm >Z =
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1. INTRODUCTION
Lee (1930) and Lakser (1971) has determined the lattices of all equational subclasses of the class of all
pseudocomplemented distributive lattices. They are givenby B | < B, C ....... cB, c..... c B, where

all the inclusions are proper and B o 18 the class of all pseudocomplemented distributive lattices, B—l consists
of all one element algebra, B o is the variety of Boolean algebras while B m » for —1<m < w consists of all
algebras satisfying the equation

n

* * *
(xI/\xZ/\ ....... /\xm) vl_\:/l(xl/\xz/\ ......... AXJAX AKXy A, Ax,) =1

where x* denotes the pseudocomplement of x. Thus B, consists of all Stone algebras.

Davey (1974) has obtained several characterizations of (sectionally) B, and relatively B, lattices. On the other
hand Cornish (1974) have studied the lattices analogues to B,, and relatively B, lattices known as m-normal and
relatively m-normal lattices.

A distributive lattice L with 0 is called m-normal, if each prime ideal of L contains at most m-minimal prime
ideals. For an element 7€ L , a convex sublattice containing n is called an n-ideal. n-ideal generated by a finite

number of elements ay,............ ,a, is called a finitely generated n-ideal and denoted by <a1 peeeeens ,ar> .- Setof
all finitely generated n-ideals is a lattice denoted by F, (L) An n-ideal generated by a single element is called a

principal n-ideal. Set of all principal n-ideals is denoted by P, (L).

In this paper we include several characterizations of those F (L) which form m-normal lattices. We will show

n

that F (L) is m-normal if and only if for any X X,....x, € L, with m (xl. N, xj)zn implies

<Xy >0 Vo v <x, > =L, which is also equivalent to the condition that for any m+1 distinct

We start the paper with the following result on n-ideals due to Latif and Noor (1994).

Lemma 1.1: For nelL, F (L)E(n] ?x [n) n

n

Following result is also essential for the development of the paper, which is due to Ali(2000) [Theorem 1.1.12].

Lemma 1.2: Let I and J be two n-ideals of a distriutive lattice. Then for any xe/lvJ, xvn= I, vV J, and

XAn=i, A j, forsome i,,i,€l, j,j,€J, withi|,j, 2n, and i,,j, <n n
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A Prime n-ideal P is said to be a minimal prime n- ideal belonging to n-ideal I if,
) I c P,and
(i) There exists no prime n-ideal Q suchthat Q # P and I c Qc P

A prime n-ideal P of L is called a minimal prime n-ideal if there exists no prime n-ideal Q such that Q # P and

O < P. Then a minimal prime n-ideal is a minimal prime n-ideal belonging to {n}.

Following lemma due to Davey (1974) [Lemma 2.2] will be needed for further development of this paper. This
is the dual of Cornish (1974) [Lemma 3.6]. This also follows from the corresponding result for commutative
semigroup due to Kist (1973). So we prefer to omit the proof.

Lemma 1.3: Let M be a prime ideal containing an ideal J. Then M is a minimal prime ideal belonging to J if
and only if for all X € M, there exists x' &M suchthat x AXx' € J . =

Now we generalize this result for n-ideals.

For a,be L ,6 <a,b>= {x eL:xnaf< b} is known as annihilator of a relative to b, or
simply a relative annihilator. It is very easy to see that in presence of distributivity, <a, b > is an ideal of L.
Again for a,b € L we define < a,b >,= {x xvaz b}, which we call a dual annihilator of a relative to b,

or simply a relative dual annihilator. In presence of distributivity of L, < @,b >, is a dual ideal (filter).
For a,b € L and a fixed element 7 € L, we define
<a,b>”={xeL:m(a,n,x)e<b>n}={xeL:b/\nSm(a,n,x)Sbvn}.

We call < a,b > " the annihilator of a relative to b around the element n or simply a relative n- annihilator. It
is easy to see that for all a,bel,<a,b>" is always a convex subset containing n. In presence of

distributivity, it can be easily seen that < a,b >" is an n-ideal. For two n-ideals A and B of a lattice L, <A, B>
denotes {x elL:m (a, n, x) eB } for alla € A . In presence of distributivity, clearly <A,B > is an n-ideal.

Lemma 1.4: Let M be a prime n-ideal containing an n-ideal J. Then M is a minimal prime n-ideal belonging to
Jifand only if for all x € M there exists x' & M such that m (x, n, x') eJ.

Proof: Let M be a minimal prime n-ideal belonging to J and X € M . Then by Noor and Ali (1998)
<<a>,,J >gM. Sothere exists X' with m (x, n, x') € J .suchthat X' & M .

Conversely, suppose X € M, then there exists x' @M such that m(x, n,x ') € J. This implies
x'&M  but x'€e<<x>,, J>, thatis <<x> ,,j>.M . Hence by Noor and Ali (2000) M is
a minimal prime n-ideal belongingto J. m

Davey (1974) [Corollary 2.3] used the following result in proving several equivalent conditions on By, lattices.
On the other hand, Cornish (1974) has used this result in studying n-normal lattices.

Proposition 1.5: Let My , -------—-—-- , M, be n +1 distinct minimal prime ideals. Then there exist
Agseeeensd, €L suchthatai/\aje.] (i;tj)andajeEijZO, ........ n.m
Now we generalize the above result in terms of n-ideals.

Proposition 1.6: Let M,y , ----—---—-- , M, be m+l distinct minimal prime n-ideals. Then there exist
Apyseneennns ,a, €L suchthatm(ai,n,aj)eJ(iij) and a_,‘eM‘,(j=o, ......... ,n).

Proof: For n=1. Let x, € M, — M, and x, € M, — M. Then by Lemma 1.3, there exists x|, & M, such

that m (xl ,n,xl') € J . Hence a, =x,,a, = m(xo,n,xl') are the required elements.
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Observe that 11 (ag,m,a,)=m (m (xg,mx!),m,x,)
(e A x, Ax)v (5 ) (6 An)v (] A )
—(ey nm (xom X)) (50 A1) (m (3, x0) A )
= (xgomm (x )

Now  m (x,,mx/)An<m(x,,n,m(x,,nx)) <m(x,nx])vnand m(x,nx)eJ, so by

convexity m (ao,n,al)e J .

Assume that the result is true for n=m-1, and let M 0 3enrnnnes M ,, be m+1 distinct minimal prime n-ideals. Let
m=1

b,(j=0,..... ,m —1) satisfy m (bi,n,bj)e J (i * j)andbj ¢ M ;. Now choose b, € M, — U M,
Jj=0

and by Lemma 1.4, let b,’n ¢ M,, and m (b n,b, ) € J . Clearly,

m?
a, Zm(bj,n,bm) (] =0, ,m—l) and d,, :b,'n, establish the result. m

Let J be an n-ideal of a distributive lattice L. A set of elements Xx,....., X, € L is said to be pairwise in J if
m (x,., n, xj)z n forall i # J.
The next result is due to Cornish (1974) [Lemma 2.3] which was suggested by Hindman (1972) [Theorem 1.8] .

Lemma 1.7: Let J be an ideal in a lattice L. For a given positive integer 72 > 2, the following conditions are

equivalent.
1) For any x,........ , X, € L which are “pairwise in J” that is x; A X ;€ J for any I # ] , there

exists k such that x, € J ;

(ii) For any ideals J|,.....,J, in L such that J, NJ, < J, for any I # ], there exists k such that
J,cJ;
(iii) J is the intersection of at most n—1 distinct Prime ideals. ]

Our next result is a generalization of above result. This result will be needed in proving the next theorem which

is the main result of this section. In fact, the following lemma is very useful in studying those P (L) which are

n

m-normal.

Lemma 1.8: Let ] be an n-ideal in a lattice L. For a given positive integer 71 > 2, the following conditions

are equivalent :
(i) For any X,,X,,.....x,, €L with m (xi,n,xj)e J (that is, they are pairwise in J) for any

[ # j, there exists k such that X € J;

(i) For any n-ideals J,,....... ,J
such that J, < J ;

in L such that J, NJ, < J for any I # J, there exists k

m

(iii) J is the intersection of at most m — 1 distinct prime n-ideals.
Proof: (i) and (ii) are easily seen to be equivalent.
(iii)=>(i). Suppose P,,P,,....,P, are k (1 <k<m —l) distinct prime -n-ideals such that
J=P n.... N P . Letx,, X,,.......,X, €L be such that m(xl.,n,xj)EJ for all iij.Supposeno
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element X; is a member of J. Then for each r(l <r< k) there is at most one i(l <i< m) such that x; € Pr
. Since k < m, there is some i such that x, € B, NP, M....... NP,.
(i) = (iii). Suppose (i) holds for n=2, then it implies that J is a prime n-ideal. Then (iii) is trivially true. Thus

we may assume that there is a largest integer t with 2 < ¢ < m such that the condition (i) does not hold for J
(consequently condition (i) holds for t+1, t+2, --- m). Then for t<m, we may suppose that there exist elements

a,,ay,......;d, €L such that m(ai,n,aj)eJ for i# j,i=12,..,t j=12,....,t yet

As L is a distributive lattice, << @, >,,.J > is an n-ideal forany 7 € { 1, 2, ........ Jt}.Each << a; >,,J
> is in fact a prime n-ideal. Firstly << a, > ,J > # L,since a, ¢ J . Secondly, suppose that b and ¢ are in
L and m (b,n,c) e<<a, >, ,J>. Consider the set of t+1 elements
{a1 yysennny e (Bymya,) ,m(c, m,a,) @, e, } This set is pairwise in J and so, either

m (b,n,ai)e J or m (c,n,ai)e J since condition (i) holds for t+1. That is, b e <<a, >, ,J > or

ce<<a, >, ,J >andso <<a, >, ,J > isprime.
Clearly, J C ﬂ <<a,>,J> If we ﬂ <<a;>,,J > then W,aj, ds,........ , 0y are
I<i<t I<i<t

pairwise inJ andsow € J . Hence J= ﬂ <<a, >, J> isthe intersection of t(<m) prime n-ideals . [

n’
1<i<t

Anideal J # L satisfying the equivalent conditions of Lemma 1.7 is called an m-prime ideal. Similarly, an n-

ideal J # L satisfying the equivalent conditions of Lemma 1.8 is called an m-prime n-ideal.

Now we generalize the Proposition 3.1 of Davey (1974).

Theorem 1.9: Let J be an n-ideal of a distributive lattice L . Then the following conditions are equivalent:

1) For m+1 distinct prime n-ideals P,, B,........ ,P, belongingtoJ, P, v P v.... vP =L;

(i1) Every prime n-ideal containing J contains at most m distinct minimal prime n-ideals
belonging to J;

(iii) If ay,a,,........ ,a, €L with m(al.,n,aj)EJ(iij) then \](<< a, >, ,J>=1L.

Proof: (i) = (ii) is obvious.

= L with m(a,, n,a,)eJ andv <<a, >,,J ># LIt follows

J
that a j ¢ J, for all j. Then by Latif and Noor (1994) there exists a prime n-ideal P such that

(i) = (iii). Assume @, @, ,....... ,a, o

v<<a; >, ,J >c P. But by Noor and Ali (1998) we know that P is either a prime ideal or a prime filter.
J

Suppose P is a prime ideal. For each j, let FjZ{X/\y:x 24a,Xx,y2ny eP}. Let
xlAyl,xz/\yzeFj. Then (x1 /\yl)/\(x2 /\yz) = (xl /\xz)/\(y1 /\yz). Nowx; A X, 2a;
and y, Ay, =m(y,,n,p,). S0 t = x Ay implies t =(t v x)A(tv y).Since y g P,sotv ygP.

Hence teFj, and so Fj is a dual ideal. We now show that FnJ=¢ for all j=0, 1, ...m. If not, let

beFJ- NJ.thenb=xAy,x>a;,,x2n,yeP.

Hence m(aj,n, y) =(aj /\n)vnv(aj,/\y)=(aj /\y)vn=(aj vn)/\(yvn).



Journal of Engineering Science 02(1&2), 2011, 29-35 33
But (aj V. n)/\ (y v n)e Fj and g g(aj /\y)\/ n<b implies m (aj,n,y) € J . Therefore,
m (aj , n,y)e Fj N J . Again m (aj,n, y)e J with y & P implies << a, > ,J >¢& P, whichis
a contradiction.

Hence F j NJ =0 for all j. For each j, let P J be a minimal prime n-ideals belonging to J and
F]. ﬁPj =0.Lety€Pj.InyPj,then yvnegP.

Then m(aj,n,y\/ n) Z(aj \/n)/\ (yvn)eFj.

But m(aj,n, yvn) e<yvn>,c<y>, ng,whichisacontradiction. So yeP.

Therefore Pj cP, and a, & Pj . For if a; € Pj ,  then a,vne Pj . Now,

a,vn :(aj vn)/\(aj vnvy)eF/. forany y & P.

This implies Pj N Fj # ¢ , which is a contradiction. So a, éPj But m (a,.,n, aj)e JcC Pj(l # ])
which implies a, € Pj (i £J ) as P J is prime. It follows that {Pj} form a set of m+1 distinct minimal prime

n-ideals belonging to J and contained in P. This contradicts (ii). Therefore v <<a, >, J>=1L.
j :

Similarly, if P is filter, then a dual proof of above also shows that v <<a, > , J > =L, and hence (iii) holds.
J :

(iii) = @). Let By, B,ccceneen... ,P be m+l distinct minimal prime n-ideals belonging to J. Then by
Proposition 1.6 there exist @y, @y,.ceveeeenennn.. ,a,, € L such that m (al.,n, aj) eJ (i * j) and a; € P,.

This implies << a; > ,J>c Pj for all j. Then by (iii)

<«<a, >,
BvEBv..... VP =L. =

m

J>v<<a,> ,J>v...Vv <<a,>,J>cFVvEv.... v P

m?

which implies

For a prime n-ideal P of a distributive lattice L, we write

n (P)Z {y el | m (y, n, x)= n for some x € L —P}. Clearly n (P) is an n-ideal and # (P)g P.our
next result is a nice extension of above result in terms of n-ideals.

Theorem 1.10: Let L be a distributive lattice. Then the following Conditions are equivalent :

(i) For any m+1 distinct minimal prime n-ideals F,, B........ P

(i) Every prime n-ideal contains at most m minimal prime n-ideals ;

(iii) Forany a, a ...... a, € Lwith m (a,.n, aj)z n, (i * j)

(iv) For each prime n-ideal P, n (P) is an ( m +1)- prime n-ideal .

Proof: (i) = (ii), (i) = (iii), and (iii) => (i), easily hold by theorem 1.9 replacing J by {n}. To complete
the proof we need to show that

(iv) = (iii) and (ii) = (iv).
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(iv) = (iii). Suppose (iv) holds and X, X, ...... x,, are m+1 elements of L such that m(x;,n,x;)=n

for (i * ]) Suppose that <X, > : v<x > : Voo v<x, > ; # L. Then by Stone’s separation

theorem (Lee 1970) there is a prime n-ideal P such that < X, >n* Vv <X >n* AVAUT v<x >" cP.
Hence Xgs Xjperervernen , X €eL—n (P ) This  contradicts  (iv) by Lemma 1.8,  since
m(x,,n,x,)=n en (P) forall i # j. Thus i) holds.

(i) => (iv). This follows immediately from Lemma 1.8. m

Proposition 1.11: Let L be a distributive lattice and 72 € L . If the equivalent conditions of Theorem 1.10 hold
then for any m+1 elements X, X;,............ , X

k
(<x0 >, M<X, >n M..N<X, >n) = V (< Xy >, M N< X, >, N<X

oo > Me.O<x, >,)

i+l

Proof : Let <b, >, =<x,>, N....N<x_ > N<X,

i+l

> M....N<x, > for each 0<i<m . Suppose

<X>, N<Xy >, NN < X, >, =1{n}. Forall [ # j;

(<x>,Nn<b>)N(<x> N<b, > ={n}.

So (x>, N<by>,) Voo v(<x> n <b,>)"=L.

Thus x€(<x>, N<by>,) " Voo v<x> N <b,>)".

Hence by Lemma 1.2, X V=4,V ... v a, where a, €(<x> N<b > )" and a, Zn, for
i=01...,m Then xvn=(a, An(xvn)v.... v(a, A(xvn)).

Now a, € (< x>, M<b, >,) " implies <a; >, N<X>, "<b; >, ={n}.
Then by a routine calculation we find that (ai ANX A b,.)v n=n.
Thus, <a, A(x vn)> N<b > = [n, (al. AX /\bl.)v n]= {n} implies

that a, A (x vn)e<b, > and so xvne <b0>n* v....v<bm>n*. By a dual proof of above, we can

easily show that x Ane<b, > v..v<b > Thusby convexity,xe<b, > V...v<b >
This proves that L. H. S.C R. H. S.

The reverse inclusion is trivial. m

Theorem 1.12: For a distributive lattice L, the following conditions are equivalent.

6] F n (L) is m-normal lattice.

(ii) Every prime n-ideal contains at most m minimal prime n-ideals.
(iii) For any m+1 distinct minimal prime n-ideals Py, Py ,...... ,Pms
FvBv..... vP =1L

Proof: (i) = (ii). Let F, (L) be m-normal. Since F, (L)E (n] ?x [n) , S0 both (n] “ and [n) are m-normal.
Suppose P is any prime n-ideal of L. Then by Noor and Ali (2000) either P D (n] or P> [n) Without loss of
generality suppose P D (n] Then by Noor and Ali (2000), P is a prime ideal of L. Hence by Lemma 3.4 of
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Cornish (1972) B, =P N [n) is a prime ideal of [n) Since [n) is m-normal, so by Cornish (1974) Py contains
at most m minimal prime ideals R;,R, ....... Ry, of [n) Therefore P contains m minimal prime ideals Qy,...,Qmn
of L where Rl. = Qi M [n) Since n € Rl. , S0 n€E Ql. and hence Qq,........ ,Qu are minimal prime n-ideals of
L. Thus (ii) holds.

(i) =>(i). Suppose (ii) holds .Let Pl be a prime ideal in [n) Then by Lemma 3.40f Cornish (1972)
B=Pn [n) for some prime ideal P of L. Since 11 € Pl C P, so P is a prime n-ideal. Therefore by (ii) P
contains at most m minimal prime ideals Q,, ......... , O, Thus by Lemma 3.4 of Cornish (1972) Pl contains
at most m minimal prime ideals R,, ....... , R, of [n) such that. R, = 0, N [n) Hence by Theorem 1.10 [n)

is m-normal. Similarly we can prove that (n] “ is also m-normal. Thus by Lemma 1.1, Fn (L) is m-normal.

(ii) < (iii) has already been proved in Theorem 1.10 =
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