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ABSTRACT 

In this paper, the unsteady convective heat and mass transfer flow in a thin liquid film over moving sheet in a saturated 
permeable surface has been investigated. The sets of nonlinear couple partial differential equations involving the 
continuity, momentum, energy and mass balance equations have been reduced to two sets of nonlinear ordinary 
differential equations by using well know similarity technique. The transformed ordinary differential equations 
with associate boundary conditions are then solved numerically by using shooting technique with the help of 
‘ODE45 MATLAB’ software. The numerical solution regarding the non-dimensional temperature and 
concentration variables against the non-dimensional coordinate variable have been carried out for different 
values of pertinent parameters and numbers like Prandlt number(𝑃 ), Darcy number (𝐷𝑎), Schmidt number (𝑆𝑐) 
and other driving parameters. The numerical results obtained of the skin friction coefficient, the local Nusselt 
number and the local Sherwood number have been presented graphically and also in tabular form. The result 
indicates that the velocity decrease with increasing values of Darcy number but opposite behavior for the 
temperature and the concentration. The heat transfer rate increases due to the increase in magnitude of Prandtl 
number so that the temperature reduces and the higher values of Schmidt number representing heavier species, 
increase of Schmidt number lower down the concentration level in the boundary layer. 

Keywords: Heat and mass transfer, moving sheet, permeable surface, thin liquid film. 

1. INTRODUCTION  

In recent years, a great attention has been focused the researches of fluid flow and convective heat transfer along 
a vertical flat plate embedded in a permeable surface because of its vase-range of application in different areas 
such as geophysical flow, water pollution of transfer ground, thermal insulation, processes of oil recovery, 
processing of food manufacture and the enhanced recovery of petroleum resource, etc. In permeable medium, the 
sea bed and disposal of nuclear wastage into the earth’s crust in the research of convection is an area of particular 
interest. The fluid dynamics researchers have been received a great attention to interpret and explain how these 
non-Newtonian fluids flow along vertical and horizontal stretching surface Huang et al. (1989) and Rashad et al. 
(2011). There are many outstanding applications with yield stress on convective heat transport of non-Newtonian 
power-law in fluid-saturated permeable surfaces considering oil reservoir and geothermal engineering application 
presented be Shenay (1993). Nield and Bejan (1984) explained Darcy and non-Darcy mixed convection researches 
in detailed. Chen and Chen (1988) have been explained that in a non-Newtonian fluid natural convection about a 
sphere and horizontal sphere along a vertical plate embedded in a permeable surface. In permeable medium, the 
combined forced and free convection flow about in the inclined surface has been investigated by Cheng (1977). 
Also, in permeable surface, for the case of opposing flow with constant temperature dual solutions occurring in 
the problem of the mixed convection flow over a vertical plate which has been studied by Merkin (1985).  Mixed 
convection from a vertical plate in permeable surface with suction and blowing have been explained by Hooper 
et al. (1993). From a vertical plate the free convection with a predefined surface heat flux in a permeable medium 
have been studied by Wright et al. (1996). The natural convection about a cone embedded in a saturated permeable 
medium with uniform lateral mass flux has been numerically examined by Yih (1997).  

The free convection flow phenomena of several non-Newtonian fluids have been considered in 
Acrivos (1960) and Shenoy (1994). Using the flow model of a non-Newtonian power law fluid Emery et al. 
(1970) and Chen and Wollersheim (1973) etc. studied the problems of free convection in order to predict the 
characteristics of steady natural convection flow and heat transfer along an isothermal vertical plate 
embedded in a permeable surface. Natural convection flow of non-Newtonian fluids along a vertical wavy 
surface with uniform surface temperature as well as uniform heat flux has been considered by among others 
Molla and Yao (2009) and Degan et al. (2007). 

An analytical approach based on modified Darcy power-law model has been carried out by Degan et al. (2007) 
in order to investigate the transient natural convection boundary layer flow about a vertical surface embedded in 
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an anisotropic permeable surface saturated by a non-Newtonian fluid. The problems of mixed convection flow 
along vertical surface for non-Newtonian fluid-saturated porous medium are investigated by Rashad et al. (2013). 
Khader and Megahed (2013) introduced a numerical simulation for the effect of thermal radiation on flow and 
heat transfer over an unsteady stretching sheet embedded in a permeable medium using finite difference method. 

From the above research works, the present study will carry out the numerical investigation of unsteady convective 
heat and mass transfer in a thin liquid film over moving sheet in a saturated permeable surface. Computations have 
been performed for a wide range of the non-dimensional parameters such as Darcy number, Prandtl number, 
Schmidt number and other driving parameter on velocity, temperature and concentration fields. Also, numerical 
computations have been made for the local skin friction, local Nusselt number and the local Sherwood numbers 
for different values of pertinent numbers/parameters and are tabulated and graphically. 

2. GOVERNING EQUATIONS 

Physical model of the problem representing an elastic sheet issued from a narrow slot at the origin of a Cartesian 
coordinate system is shown in figure 1. The liquid of interest is considered to be Newtonian fluid. The continuous 
surface aligned with the x-axis at y=0 moves in its own plane with a velocity 𝑈(𝑥, 𝑡) . The temperature and 
concentration distributions at the surface are  𝑇 (𝑥, 𝑡)  and 𝐶 (𝑥, 𝑡), respectively. 
 
 
 
 
 
 
   
 
 

Figure 1: Physical model 

The associate boundary layer equations for mass, momentum, energy conservation and mass balance governing 
the problem are in the following forms: 

+ = 0         (1) 

+ 𝑢 + 𝑣 = − 𝑢       (2) 

+ 𝑢 + 𝑣 = 𝛼           (3) 

+ 𝑢 + 𝑣 = 𝐷∗          (4) 

where u and v are the components of velocity along the x-axis and y-axis, respectively. 𝑇 is the fluid temperature, 
𝐶 is the fluid concentration  𝑡 is the time, 𝜇 is the fluid viscosity, 𝐾 is the permeability of surface, 𝜌 is the fluid 
density, 𝛼 is the thermal diffusivity and the 𝐷∗ is the coefficient of mass diffusion. 
The above equations are subject the following boundary conditions: 

𝑢 = 𝑈, 𝑣 = 0, 𝑇 = 𝑇  , 𝐶 = 𝐶    at 𝑦 = 0       (5) 

= = = 0 at 𝑦 = ℎ          (6) 

𝑣 =      at 𝑦 = ℎ          (7) 

where ℎ is the liquid film thickness and 𝑈 is the surface velocity at 𝑦 = 0 and along x-direction the sheet 
continuously moves with the velocity 

𝑈 =             (8) 

Here the positive constants are 𝑎 and 𝑏 with having dimension (time)-1.  The surface temperature is 𝑇  and the 
surface concentration is 𝐶  of the moving sheet varies with the distance 𝑥 and time 𝑡in the form:  

𝑇 = 𝑇 − 𝑇 (1 − 𝑎𝑡)          (9) 

𝐶 = 𝐶 − 𝐶 (1 − 𝑎𝑡)           (10) 

where for all 𝑡 <
   , the temperature and concentration at the slit are 𝑇  and 𝐶 , respectively and the constant 

reference temperature and concentration are 𝑇  and  𝐶 , respectively. 
Upon introducing the following similarity transformations: 

slot 



Journal of Engineering Science 12(2), 2021, 59-66      61 

 
 

𝜂 = (1 − 𝑎𝑡) 𝛽 𝑦       (11) 

𝑢 = 𝑏𝑥(1 − 𝑎𝑡) 𝑓 (𝜂)        (12) 

𝑣 = − (1 − 𝑎𝑡) 𝛽𝑓(𝜂)       (13) 

𝑇 = 𝑇 − 𝑇 (1 − 𝑎𝑡) 𝜃(𝜂)      (14) 

𝐶 = 𝐶 − 𝐶 (1 − 𝑎𝑡) 𝜙(𝜂)      (15) 

Here Noor and Hashim (2010) are explained the non-dimensional thin film thickness 𝛽  and is given by 

𝛽 =
 
(1 − 𝑎𝑡)  ℎ(𝑡)       (16) 

From the above transformations, the non-dimensional, nonlinear and couple ordinary differential equations have 
been obtained as follows: 

𝑓 (𝜂) + 𝛾 𝑓(𝜂)𝑓 (𝜂) − 𝜂𝑓 (𝜂) − 𝑓 (𝜂) − (𝑆 + 𝐷)𝑓 (𝜂) = 0   (17) 

𝜃 (𝜂) + 𝛾 𝑓(𝜂)𝜃 (𝜂) − 2𝑓 (𝜂)𝜃(𝜂) − 𝜂𝜃 (𝜂) − 𝑆𝜃(𝜂) = 0   (18) 

𝜙 (𝜂) + 𝛾 𝑓(𝜂)𝜙 (𝜂) − 2𝑓 (𝜂)𝜙(𝜂) − 𝜂𝜙 (𝜂) − 𝑆𝜙(𝜂) = 0      (19) 

The dimensionless boundary conditions which are given below: 
𝑓(0) = 0,   𝑓 (0)  = 1, 𝜃(0) = 1, 𝜙(0) =      (20) 

𝑓 (1) = 0, 𝜃 (1) = 0, 𝜙 (1) = 0 , 𝑓(1)             (21) 

where 𝑓 (𝜂), 𝜃(𝜂), 𝜙(𝜂)  are the dimensionless velocity, temperature and concentration, respectively, the 

similarity variable is 𝜂 , the unsteadiness parameter is 𝑆 =  ,   the Prandtl number is 𝑃 =  , the dimensionless 

film thickness is 𝛾 = 𝛽 , the Darcy number is 𝐷 =
( )

 and the Schmidt number is 𝑆𝑐 = ∗. 

The physical quantities of engineering interest in the present study are the local skin-friction coefficient 𝐶 , the 
local Nusselt number 𝑁𝑢  and the local Sherwood number 𝑆ℎ  , respectively have been given by: 

𝐶 = 𝑓 (0) 𝑅𝑒          (22) 

𝑁𝑢 =
( )

𝜃 (0)𝑅𝑒           (23) 

𝑆ℎ =
( )

𝜙 (0)𝑅𝑒          (24) 

where the local Reynolds number 𝑅𝑒 = .  

3. NUMERICAL SOLUTIONS AND DISCUSSIONS 

An investigation for unsteady convective heat and mass transfer in a thin liquid film over moving sheet in a saturated 
permeable surface has been carried out to analyze the impacts of surface of permeability and thermal and mass 
diffusivity. The resulting initial value problems involving the set of ordinary differential equations (17) – (19) 
with the boundary conditions (20) - (21) are solved numerically by applying shooting technique through “ODE45 
MATLAB” software. The effects of dimensionless film thickness (𝛾), unsteadiness parameter (𝑆), Prandtl 
number (𝑃 ) , Darcy number (𝐷𝑎) and Schmidt number (𝑆𝑐) are plotted in the figures 2 to 6. To observe the 
effect of dimensionless film thickness 𝛾, the rest parameters/numbers are treated as constants. Similarly, to 
investigate the influence of one parameter/number on the field variables, only the variations of that selected 
parameter/number has been made while the values of the other parameters/numbers are taken to be fixed. The 
constant values for different parameters/numbers are chosen 𝛾 = 16, 𝐷𝑎 = 0.6, 𝑃 = 0.71, 𝑆𝑐 = 0.5, and 𝑆 =
0.8. 

Figure 2(a-c) represents the effect of dimensionless film thickness 𝛾 on the velocity, temperature as well as 
concentration distributions, respectively. From Fig. 2(a) it is seen that for all cases the velocity is starting from 
1(one), and then velocity decrease and finally asymptotically leads to zero with the increase of 𝜂. As seen in the 
Fig. 2(a) the velocity decrease with the increase of 𝛾. From Fig. 2(b) and 2(c) it is clearly observed that with an 
increase in 𝛾 at any point the temperature and concentration are reducing. Figures 3(a-c) demonstrates the variation 
of the fluid velocity, temperature and concentration profiles for various values of Darcy parameter 𝐷𝑎. It can be 
concluded from figure 3(a) that with an increase in Darcy number the velocity decreases along the sheet and the 
reverse is observed away from the sheet. It is revealed that the temperature and concentration at any point increase 
with increase in 𝐷𝑎 are shown in Fig.3 (b) and 3(c). This is due to fact that the permeable surface creates a resistive 
type of force for which enhancing the heat and mass transfer and a reduction in the velocity of fluid. 
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Figure 2(a-c): Velocity, temperature and 
concentration distributions with 𝜂 varying 𝛾 when 
𝐷𝑎 = 0.6, 𝑃𝑟 = 0.71, 𝑆𝑐 = 0.5 and 𝑆 = 0.8 

Figure 3(a-c): Velocity, temperature and 
concentration distributions with 𝜂 varying 𝐷𝑎 when  
𝛾 = 16, 𝑃𝑟 = 0.71, 𝑆𝑐 = 0.5 and 𝑆 = 0.8 

The influence of the unsteadiness parameter 𝑆 on the velocity, temperature as well as concentration distributions 
are shown in Figure 4(a-c). From figure 4(a) it has been observed that with an increase in unsteadiness parameters 
𝑆 the velocity decreases along the surface. Also, with an increase in unsteadiness parameters 𝑆 the same behavior 
for the temperature as well as concentration profiles are observed in Figs. 4(b) as well as 4(c), respectively. 

The temperature distribution for varying values of Prandtl number (𝑃 ) against 𝜂 has been displayed in figure 5. 
From the graph it is observed that the temperature reduces with the increasing value of 𝑃  for a fixed value of 𝜂. 
Since a higher Prandtl number has comparatively low thermal conductivity, it lessens conduction of heat and 
therefore, temperature diminishes. Hence the heat transfer rate increases due to the increase in magnitude of 𝑃  so 
that the temperature distributions reduce. 

The impacts of Schmidt number (Sc) on the species concentration distributions are observed in figure 
6. From this figure it is noticed that an increase of Sc leads to thinning concentration boundary layer 
and hence the concentration profiles decrease. As the higher values of Sc representing heavier species, 
increase of Sc lower down the concentration level in the boundary layer. This is happened due to the 
fact that the Schmidt number (Sc) increases the molecular diffusivity of the chemical species decreases. 

The variation of local skin-friction 𝐶  against local Reynolds number 𝑅𝑒  with varying the Darcy number 𝐷𝑎 has 
been displayed in Figure 7. The local skin-friction increases for increasing the values of the Darcy number along 
the local Reynolds number. Figure 8 represents Variation of local Nusselt number distribution 𝑁𝑢 against Local 
Reynolds number 𝑅𝑒  with varying the Prandtl number 𝑃 . We see from figure 8 that the local Nusselt number 
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𝑁𝑢  which is proportional to the rate of heat transfer 𝜃′(0) is increased with the increase of the Prandtl number 
𝑃  against the local Reynolds number 𝑅𝑒 . Figure 9 demonstrates the variation of local Sherwood number 𝑆ℎ  
against local Reynolds number 𝑅𝑒  with varying the Schmidt number 𝑆𝑐. From figure 9 we see that the local 
Sherwood number 𝑆ℎ  which is proportional to the rate of mass transfer 𝜙′(0) is increased with the increase of 
the Schmidt number 𝑆𝑐 against the local Reynolds number 𝑅𝑒 . These phenomena are more clearly observed in 
Table 1 to Table 3, respectively.  

  

 

 

Figure 4(a-c): Velocity, temperature and 
concentration distributions with 𝜂 varying 𝑆 when  
𝐷𝑎 = 0.6, 𝑃𝑟 = 0.71, 𝑆𝑐 = 0.5 and 𝛾 = 16 

 

 

 
 

 

Table 1:  Computed values for the local skin-friction, heat transfer rate and concentration rate with the variation 
of Darcy parameter 𝐷𝑎  when 𝛾 = 𝛽 = 16, 𝑆 = 0.8, 𝑃 = 0.71 and 𝑆𝑐 = 0.5 . 

Da 𝑓
𝜂𝜂

(0) −𝜃 (0) −𝜙
𝜂
(0) 

0.0 -0.2182 0.1619 0.2516 
0.6 -0.1170 0.2021 0.2972 

1.2 -0.0649 0.2341 0.3321 
1.8 -0.0373 0.2601 0.3594 

 
 

Figure 5: Temperature distribution with 𝜂 varying  
𝑃  when  𝐷𝑎 = 0.6, 𝑆𝑐 = 0.5, 𝑆 = 0.8 and 𝛾 = 16 

Figure 6: Concentration distribution with 𝜂 varying 
𝑆𝑐  when 𝐷𝑎 = 0.6, 𝑃𝑟 = 0.71, 𝑆 = 0.8 and 𝛾 = 16 
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Table 2:  Computed values for the local skin-friction, heat transfer rate and concentration rate with the variation 
of Prandtl number 𝑃𝑟 when 𝛾 = 𝛽 = 16, 𝑆 = 0.8, 𝐷𝑎 = 0.6 and 𝑆𝑐 = 0.5. 

𝑃𝑟 𝑓
𝜂𝜂

(0) −𝜃 (0) −𝜙
𝜂
(0) 

0.71 -0.1170 0.2021 0.2972 
1.0 -0.1170 0.1264 0.2972 

10.0 -0.1170 0.0001 0.2972 

 
Table 3: Computed values for the local skin-friction, heat transfer rate and concentration rate with the variation 
of Schmidt number Sc when 𝛾 = 𝛽 = 16, 𝑆 = 0.8, 𝐷𝑎 = 0.6 and 𝑃 = 0.71. 

Sc 𝑓
𝜂𝜂

(0) −𝜃 (0) (−𝜙
𝜂
(0)) 

0.5 -0.1170 -0.2021 0.2972 
1.0 -0.1170 -0.2021 0.1264 
1.5 -0.1170 -0.2021 0.0632 
2.0 -0.1170 -0.2021 0.0350 

 

  

Figure 7: Variation of skin-friction 𝐶  against Reynolds number 𝑅𝑒  with varying 𝐷𝑎 

 
Figure 8: Variation of local Nusselt number distribution 𝑁𝑢 against Reynolds number 𝑅𝑒  with varying 𝑃  
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Figure 9: Variation of local Sherwood number 𝑆ℎ  against Reynolds number 𝑅𝑒  with varying 𝑆𝑐 

4. CONCLUSIONS 

An investigation for unsteady convective heat and mass transfer in a thin liquid film over moving sheet in a saturated 
permeable surface has been carried out to analyze the impacts of permeability, thermal diffusivity and mass 
diffusion. The impacts of different parameters or numbers on the velocity, temperature and concentration profiles 
have been investigated through the research very carefully. 
Important observations regarding the effects of the parameters/numbers on different profiles are as follows: 

 With an increase in Darcy number the velocity decrease but opposite behavior for the temperature, 
the concentration and the local skin-friction increase.  

 The rate of heat transfer increases for increasing the magnitude of Prandtl number so that the 
temperature distributions reduce. 

 The higher values of Schmidt number representing heavier species, increase of Schmidt 
number lower down the concentration level in the boundary layer.  
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