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ABSTRACT

A meet semilattice together with the property that any two elements possessing a common upper bound have a
suprimum. Standard ideal had extended to convex sub lattice by [7] & [11]. Here we generalize the
characterization of standard ideals and also generalize the standard ideals, Homomorphism kernels and

Isomorphism theorems. For any two lattice L, and L,, a map @¢:L, — L, is called an isotone, if for any
x,yeL, with x <y implies ¢(x) < ¢(y) Also the above mapping is called a meet homomorphism if for all,
¢(x A y): ¢(x)/\ ¢(y) Therefore meet homomorphism is an isotone. And since ¢ is isotone.
¢(x)\/ ¢(y)=¢(x v y). Therefore ¢(x)\/ ¢(y) exist by upper bound property of L, [2] & [3] have

characterize those lattice whose all congruence are standard and neutral. Here we generalize characterization
of this lattice whose all congruence are standard.

1. INTRODUCTION

This Paper studies extensively standard ideal and homomorphism kernels. The idea of standard ideals in lattice
was first introduced by [8], [10]. It had extended the ideal to convex sub lattices and proved many result on
homomorphism by [7], [11] also [4] and [5].

A congruence ¢ of a lattice L is called standard if ¢ = @(x) for some standard ideal S of L. For any two lattice
Liand L,,amap ¢:L, — L, is called an isotone if for any x,y e L, with x <y implies ¢(x)£ ¢(y), also
the above mapping is called a meet homomorphism if for all x,y e L,, ¢(x A y)= ¢(x)/\ ¢(y) Therefore

meet homomorphism is an isotone. And since ¢ is an isotone.

g (x) % ¢(y) <¢ (x % y). Therefore ¢(x)v ¢(y) exsit by upper bound property of L, .

Latif in his thesis have introduce the concept of standard n-ideals of a lattice. We conclude this paper with some
more properties of standard and neutral ideals. We also extended the result of Cornish and A.S.A Noor [1], we
also show that If 1 is an arbitrary ideal and S is standard ideal then / A S and /v S are principal, then I itself
principal.

Secondly we have discussed Homomorphism, kernel and stadard ideals. Gratzer and Schmitd in [8] were
translate several thorem of Group theory to lattice theory. Here we have generalized so of their result, we have

shown that if S is a standard ideal of a lattice L, then @ the extension of @(S) to /(L) and O(S) is the
restriction of ®¢ to the lattice L. Then we have shown that in a sectionally complemented lattice all
congruences are standard. We also show that in a relatively complemented lattice L with 0, if every standard
ideal of L is generated by a finite number of standard elements, then the congruence lattice C (L) is Boolean.
Finally we have generalized two results of [2] and [3] regarding lattices all of whose congruence are standard.
We know that the set of all standard ideals of a lattice L is a sub lattice of [ (L) Also the congruence ©; where
S is standard form a sub lattice of G)(I (L)), and S — O is an isomorphism. Suppose ® is a congruence
relation of L. ¢ defines in the natural way a homomorphism of [ (L) under which [ =J (1 ,Jel (L)) if and
only if to any x € I there exists a,b € J such that x = y(@) and conversely. We call this congruence relation
the extension of ® to [ (L) .

On the otherhand any congruence relation ¢ of / (L) induces a congruenc relation of L under which x =y if
and only if (x]=(y](¢). This is called the restriction of ¢ to L.
Thirdly in [8] Gratzer and Schmidt have proved Isomorphism theorem for standard ideal in lattices. In their paper

they have translated several theorems of group theory to lattice theory using ideal, standard ideal, factor group
and group operation. Here we generalze isomorphism theorem.
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We refer the reader to [3] [4] [5] [6] for a necessary background on this paper.
Theorem 1.1: Let S be an ideal in a lattice L. Then the following conditions are equivalent.

(i) Sis a standard ideal.

(ii) The binary relation ®(s)’ defined by x = y®(s) if and only if
X = (x A y)v (x A a)v y= (x A y)v (y A b) for some a,b €S is a congruence relation.

iii) The binary relation ¢ defined by x = y(¢), if and only if for all €L, (x A t)v (t A c) = (y A t)v (t A c)

for some c €S is a congruence .

iv) For each ideal K, SV K =sVv k : svk exists,and s €S and k €K . Moreover, (ii) and (iii) represent the

same congruence, viz. ®(S), the smallest congruence of L having S as congruence class.

Proof:

(i) implies (ii). If (i) holds, then the relation J = K (@4 )J,K € I(L)) if and only if J =(J " K)v (J N S)
and K = (J N K)v (K N S) is a congruence on I(L).

Then ®g /L restriction to L is a congruence on L and x = y(@s)/l, if and only if (x) = (x A y)v (x N S)
and (y] = (x A y)v ((y]m S) . Thus to prove (ii), it is sufficient to prove that (x] = (x A y]v ((x]m S) implies
X = (x A y)v (x A a) for some a €S . This is proved by induction. By the property of the supremum of two
ideals,

xAy|vilx[nS :GLn Where L, =(xAy|ullx]|nS)and L =itel:t<pvgqg;pvq exists and
o 0 n

D.q € An—l} for n=1,2,.......... n. Indeed, we show by induction that
(xAy]v((x]nS)={r:t<(x A y]v (x Aa) for some a e S}. If teL then te(xany] or te(x]nS. I
the first instance, f<xAy< (x A y)v (x A s) for any se€S and in the second instance
t=tnx< (x A y)v (x A t) and ¢ €S . Thus the result holds for # =0. Suppose the result hold for n-1 for
some n=1. Let teL, then t<pvgqg with p.qel,, so pS(xAy)v(x/\sl) and
q< (x/\y)v (x/\sz) for some s,,5, €S

Then tS(xAy)v(x/\sl)v(xAsz)z(x/\y)v(x/\s) .
For some s € §' (Since (x/\sl)v(x/\sz)ﬁs and is in S, it is of the form (x/\s) for some s € §'. Thus, we

have (x/\y]v((x]ms)= {t:tS(x/\y)\/(x/\s) for some s € S ; in effect , xS(x/\y)\/(x/\a) for some

aeS andso x = (x/\y)v(x/\a); as required.

ii) Implies (iii) , Let x = y(@(S)). Since ®(S) is a congruence, X AL =y A t(@(S)) for any f e L, and so
x/\t=(x/\y/\t)v(x/\tAa) and yAt=(x/\y/\t)v(x/\t/\b) for some a,b €S .Then Observe that
(taa)v(tnb)es.

Thus, x = y(¢)

Conversely, if x= y(¢) then for any te L, (x A t)v (t AC)= (y A t)v (t A c) for some ¢ .S . Choosing
t=x and =y, wehave x = (x A y)v (x A c) and y = (x AY)V (y A c) respectively.

Thus x = y(®(S)) and ¢ is congruence O(S)

iii) Implies (iv). Let T = {s vk:svkexistsand s€ S and k € K}. Suppose x<sv k,s €S,k e K Clearly
svk= k(@(S)) and so X=XA (s v k) = (x /\k)(@(S)). Hence for all telL,
(x A t)v (t A c)= (x/\ k /\t)v (t A c) for some ¢ € S . Choosing ¢ = x , we obtain
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X = (x A k)\/ (x A c) and so x € T . But T is closed under existent finite suprima. It follows that T is an ideal of
Land T=SVvK.

iv) Implies (i). Let x =J N (S v K). Then xeJ and x € (S v k). So x =s Vv k for suitable

seS and ke K. Then, x=(x/\s)v(x/\k) and so xe(JmS)v(Jr\K). The reverse inclusion is

obvious. Thus J N (S v K)=(J N S)v (J NK); S is a standard ideal. The last part is clear from the proof of

(i1) implies (iii). Now we give another characterization of standard ideals of a lattice. This is a generalization of
[8, Theorem 2] which is also a nice improvement of the theorem 1.1. [

Theorem 1.2: For an ideal S of a Lattice L, the following conditions are equivalent;
(1) Sis a standard ideal.
ii) The equality /) (S v K ) = (1 NS ) Vv (1 NK ) holds if I and K are principal ideals.
(iii) If for the principal ideals I and J the inequality J < .S'v I holds,
then J=(InS)v(JNI)
iv) The relation @[S] of L defined by x = y(@(S)) if and only if x = (x A y)\/ (x A a) ,

y= (x A y)v (y A b) for some a,b € S is a congruence relation.

Proof:

(1) Implies (ii) is obvious, from the definition of the standard ideal.

(i1) Implies (iii) is clear.

iii) Implies (iv). Obviously the relation is an equivalence relation. Let x<y and x=y©(S) then

y:xv(y/\b) for some beS. Suppose for some tel, yvtexists. Then xvit exists. Hence,
yvi=xvi)v(yab)<(xve)v((yve)ab)<yvie

thus yvi=(xvi)v((yvi)ab) So xvi=yvi(0(S)).

Now, y/\tﬁxv(y/\b)e(x]vS,So (y/\t]g(x]vS.

Then by (iii) (y At]=(x Ay at]v(SAyat), 0=(xat]v(SA(yAt]). Then a similar proof of (i) imlies
(ii) of Theorem. 1.1 shows that y At =(x A1)V (¥ At Aa); forsome ae S .

Thus ©[S] is a congruence relation.

(iv) implies (i) holds by theorem 1.1.

We conclude this section with the following result, which is a generalization of a well known result of lattice
theory of [8, Lemma §]

Theorem 1.3: Let I be an arbitrary and be a standard ideal of the lattice L. If /v S and I A S are principal,
then I itself is principal.

Proof: Let /v S =(a] and 1 A S:(b]. Then by theorem 1.1 a=xv s for some xe/l and s€S . Since
b<a and x<a so x Vv b exists by the upper bound property of L.

We claim that [ = (x v b]. Of course (x v b]g 1 . For the reverse inequality let £ €/ . Since t,xVv b<a, so

again by the upper bound property of L, w=fvxvb exists and welL. Then
((l];)S\/ (W]QS\/(XVI)];)S\/ (x]z(a] ie. Sv (w]sz (va].

Further, (b]=SnI2Sn(w]oSn(xvb]=Sn(]=(], and so S (w]=S~(xvhb]. This two
equalities imply that (w] = (x Vv b] as S is standard and so w=xv be (x v b]. Since t<w, t € (x v b] and

hence [ = (x v b], this complete the proof.

Theorem 1.4: Homomorphic image of relatively complemented lattice is relatively complemented.
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Proof: ¢:L, —L, be an onto homomorphism and suppose L, is relatively complemented.

Let [xl, yl] be any interval in L, since & is onto homomorphism, 3 images x and y for xl, y1 respectively
such that ¢(x) = x' and x < y(ax' <y').

Thus [x, y] is an interval in L,

Let be [xl,y1]= [¢(x),¢(y)] be any element then as before 3 a pre-image a of b. s, t @(a)=b and
x<asy.

Now L, relatively complemented implies that a has a complement a' relative to [xl R y] .
ie.
and =x,ava'=y
= p(a) A p(a') = p(x),p(a) v p(a') = p(»)
=brgpa)=x"bve)=y
= ¢(a') is complement of b relative to [xl , yl].

Thus each element in any interval in L, has complement, going us the required result.

Theorem 1.5: §:L, — L, is an onto homomorphism where L,, L, are lattices and 0' is least element of L,
then kernel @ is an ideal of L.

Proof: Since @ isonto, 0' € L, thus ker @ # ¢ as pre image of 0' exists in L, .

Now a,b ekerd =

0(a)=0"=0(b) O(avb)=0(a)vODb)=0"v0' = avbekerd
Again ackerf , [eL gives O(a)=0'

Also 8(anl)=0(a) nO(1)=0'Al1=0" = anleckerd

Hence ker @ is anideal of L I

Theorem 1.6: Let S be the a standard ideal. Then ©, is the extension of ©) to I(L) and O is the

restriction of @ to the lattice.
Proof: Let @(S ) be the extension of @(S ) to / (L) and [ =J (@(S ))

We suppose [ < J . Choosing a,y €1 . We can findan xe/ (y > x) with x = y@(S) and so there exists an
S,, with y=xv (y/\Sxy). The ideal S' generated by the y AS,, satisfies S'cS and IvS'=J.
Hence /=.J(6). On the other hand, if 7=J(®) then /v S'=J witha suitable S' S. Then for any
yedJ it follows that yelvS and so for any yeJ it follows that yelvS and so

y=xvs=xv(y/\s) for some s €S as S is standard.
Thus xEy(G) (S)) [ theorem 1.1] and hence @(S)z@s.

To prove the 2nd assertion, suppose (a] = (b](@ s ) Then (a] = (a] A (b]@ g = (a A b](@ s) and hence
(a] =(an b]v S" for suitable S' 5. Then a €(a Ab]v S and since S is standard [theorem 1.1].

So a=(anb)v(ans,) forsome s, €S .

Similarly, we can show that b=(a A b)v (b A's, ) for some s, € S . Thus a=bO(S).
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Hence © ) is the restriction of @ to L.

Theorem 1.7: Let L be a sectionally complemented lattice. Then every homomorphism kernel of L is a standard
ideal and every standard ideal is the kernel of precisely one congruence- relation.

Proof: Suppose the ideal I of L is homomorphism kernel induced by the congruence relation €. Let a = b(H),
a,bel then anb= a(H) and 0<a A b<a. Since L is sectionally complemented, so there exits c; such that
anbrc=0 and (a Ab)vc=a. This implies 0=(a Ab)Ac=anc=c(d). Since I is a homomorphism
kernel, so cel. Moreover, a= (a A b) ve= (a A b) v (a A c); similarly, we can show that
b= (a A b)v (a A d) for some d € I.Therefore I is a standard ideal.

At the same time we have proved that if I is the kernel of the homomorphism induced by &, then 8 =1 (0)

Hence every standard ideal is the kernel of Precisely one congruence relation. 0 Thus we have the following
corollary;

Corollary 1.8: In a sectionally complemented lattice all congruencies are standard. [
We know, an ideal (s] is standard if and only if s is a standard element. Moreover, we can easily show that an
ideal Generated by finite number of standard elements is standard.

Theorem 1.9: Let L be a relatively complemented lattice with 0. If every standard ideal of L is generated by a
finite number of standard elements, then C (L), the congruence lattice is Boolean. Moreover, the converse of
this is not true.

Proof: Let peC (L) with w<@<w, where w and w, are the smallest and the largest congruence
respectively. Since L is relatively complemented, So by above, ¢=®(S ) for some standard ideal S. Then
(O] < § < L Since every standard ideal is generated by a finite number of standard elements , so there exist
standard elements q,......... a, and b.......... b, Such that § =(a1 ......... am] and L =(b1 .......... b ] Then
(O]C (al..........am]c (bl...........bn] since (d,.......... am]c (b1-~~--~---b,,] at least one of b ¢ (a,.......... am].
Suppose by ,b;, ...... b, are the only elements T b,}. such that they do not belong to (a.......... am].

Then of course (g;......... a, v (by.o.... b]=L set Cy =(a1 Ab, ]k Vo v(am /\bl]k for each k,
1<k <r,Then 0<c¢; <b, andeach ¢, isstandard. Since L is sectionally complemented, there exist d;_

such that ¢; Ad; =0 and ¢; vd, =b, .Sinceeach d; is standard.

—(c, vd,Jv ....................... v(c, vd,J

S () V— v, }=loy ot |

and so

(@)t |V (d e d 1

=Dy, e b, Iv(a . a,]=A4

Also, as each @, is standard. So (C— a m]ﬁ (d ; J
((a,]v .......................... v(am])m(d,K Jm(b,KJ

—((a, nb; Jv ................ v(am N J)m(d,K J,
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= (c I Jm (d I J= (0] Then  using  the standardness of  each . . we  have

such that H(T ) is the complement of ¢. Therefore C (L) is Boolean.
For the converse statement, consider the following lattice L Here it is easy to see that C (L) is Boolean.

L= (a, d ] , which is of course a standard ideal. But both a and d are not standard elements of L. 0

[5] and [6] have characterized those Lattices whose all congruence are standard and neutral.

our following theorems give characterizations to those lattice whose all congruence are standard and neutral.
These are certainly generalizations of above authors work.

Theorem 1.10: Let L be a lattice. Then the following conditions are equivalent.
(1) All congruence of L are standard.

(i1) L has a zero and for x, y € L there exists a € L such that,

a=0 ®(x/\y,x).

0
Figure 1.1

Proof: (i) implies (ii) since the smallest congruence w of L is standard .L. must have a zero.
Let x,y €L, then @(x A y,x)= ® (I), for some standard ideal I.
ie. x= (x A y)@([) , where I is standard , hence x = (x A y)v (x A a) for some a el
Hence a =00 (x A y,x).
(ii) implies (i). Let ¢ be a congruence and [ = [O](p. Suppose x = y((p). Then by (ii) there exists @ € L such
that x=(x A y)v(xAa) and a=00(x A y,x). Since O(x A y,x)<p, so a=0(p) and Hence a e .
Similarly y = (x A y)v (y A b) for some bel.
Thus I is a standard ideal and ¢ = ©(1), and so (i) holds.
Theorem 1.11: Let L be a lattice. Then the following conditions are equivalent.
(i)  All congruence of L are neutral.
(i) L has a zero and satisfies the condition:

x < (tAny)vi(tnanz);t,x,y,z e L,implies existence of a€L.Such that
xvi((tnrna)=(antArny)yviantnz)v(xaAny)ya=so0(xA y,x)
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(iii) L has a zero and satisfies the condition

x < (t A y)v (t A z);t,d,x,y,z € L implies the existence of a € L such
that x v (tAna)=(Arany)v((ya{(tra)vix),a=00(xAy,x).

Proof: (i) implies (i) L must have a zero of w=0({0}).

Let x < (¢t A YY)V (tAz);t,x,y,z€e L.

Then ©(x A y,x)= (1) for some neutral ideal I. since I is standard , by the above theorem there exists a € I
suchthat x = (X A »)V (x A a;)

Now xAa, SEAY)V(tAz),a, el (xrna, ] and (xna, |c(tAy)v(EAz)].
Hence (x Aa,]cIn((tay]v(az])=In(eny])v(In(tAz]) aslisneutral.
Therefore x A a, < pv q,forsome pel N (A y]and geln(taz].

Thus p<tAy,q<tAnzand p,gel . Hence p=pAtAyand g=gAtAz.

Let pvg=a ,then xra, <a=(patry)vignataz)<(antay)viantaz)<a.
Hence a=(antAy)v(antanz), ael.

Butthen av(xAy)=av(xna)vxary)=av((xra)v(xay)=avx.

Thus (a/\t)vx=avx=av(x/\y)=(a/\tAy)v(aAt/\z)v(x/\y) and a50(®(x/\y, x))=®([)
asael.

(i1) implies (iii) . Let x,y,z,f€ L and x < (t A y)v (t A z), then there exists a € L

such that aEOG)(x/\y,x) and x\/(t /\a)=(a /\t/\y)\/ (a /\t/\z)v(x/\y).

Now
xv(t/\a):(a/\t/\y)v(a/\t/\z)v(y/\(X/\(t/\a)))S(a/\t/\y)v(a/\t/\z)v(x/\y):xv(t/\a)
, hence xv(t/\a):(a/\t/\z)v(y/\(X/\(t/\a))).Thus (iii) holds.

(iif)implies (i). Let ¢ be any congruence of L. Suppose x>y and x = y((p). Let [ = [0](p.

Since X2y x=) VX soby (iii) with # =z = x there existsan a € L

such that xv(x/\a):(a/\x/\x)v(y/\(xv(x/\a))):(x/\a)vy i,e x:(x/\a)vy.

Where, a = 0®(x At, x) <@ . [since theorem 1.1]

Hence I is a standard ideal and ¢ = @(1 ) 0

Now it suffices to show that all standard ideals of L are neutral. Let I be a standard ideal of L and
xe]m(JvK) for some ideals J and K. Then xe/ and xeJv K ThenxelL, for some
m=0,1,23~-——— where 4, =J UK. L, ={t£pvq:pvq exist and p,qeL,H}

Suppose xeL,. Then xel and xeJ or xe K, and so xe(]mJ)v([mK). Now we will use the
induction. Suppose ye L, ,,and y e/ implies that ye(ImJ)v(ImK). Since xe L, , x<pvgq for
suitable p,ge L, ;. set t=pv q. Then xS(t A p)\/ (t /\q). Then by (iii) there exists b € L such that
xv(t/\b)=(bAt/\q)v(p/\((t/\b)vx)), bEO@(xAp,x). Since x,xAp,0el and I is a

Homomorphism kernel, we get b€ I . Hence x v (t A b) el.

Futther  (xv(EAb)Ap)v((xv(Eab)ag)>((xv(EAb)Ap)v(bAtAg)=xA(tAb).  Putting
a=xv(tAb) , we get xSa=(a/\p)v(a/\q) with a e ]
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Now both a A p,a Ar are members of land L, _,. Thus both a A p,a A g belongs to (I N J)\/ (I N K),
and so xe([m])v (IﬁK).
Hence 1 is neutral. [0
Theorem 1.12: Let k an ideal in a lattice. Then the following condition are holds.
(6)] k is a standard ideal.
(ii) The binary relation @(k), defined by x= y(@(x)) if and only if x= (x A y) v (x A a),
y=(xAy)v(yAb) forsome a,b ek isalattice congruence.

(iii) The binary relation ¢, define by x= y(w) if and only if for all teS

(x A t)v (t A c)=(y A t)v (t A c) for some ¢ € k , is a lattice congruence.
(iv) For each ideal H, ka:{kvh: kv h exists and keK,heH} .0

Theorem 1.13 : Let L be a lattice with the smallest element 0 in which each initial segment is a complemented
lattice. Then the map K — ®(K ) is a lattice isomorphism of the lattice of standard ideals of L on to the lattice
congruence of L.

Proof: Let ¢ be a lattice-congruence of L and J = {xeL:xEO(go)}. Of course J is an ideal. Suppose
a= b((p) and let ¢ and d be respective complements of aAb in (a] and (b] Then
c=cna=cranb=0(p) and d=d Ab=0(p). Also a=(arb)v(anc) and b=(arb)v(brd)
with c,d € J .

Conversely, these last relations imply azb(¢). Hence by the above theorem J is a standard ideal and
p=(H)(/).0

The remainder follows from corollary: The standard ideals of a lattice L form a distributive sub lattice of the
ideal-lattice J(L) and the map K — @(K) is a lattice embedding of this sub lattice into the distributive of all
lattice congruence on L.

The situation is more complex when it comes to permutability. We close this section with some result in this
direction.

A lower semi lattice (L :/\) is called medial if the supremum (x A y)v (y A S)\/ (z A x) exists when the

suptema of each pair exist. Thus the medial lower semi lattice is a lattice and so will be referred to as medial
lattice.

Theorem 1.14: A mapping f:L — M is an isomorphism if and only if f is isotone and has an isotone
inverse.

Proof: Let f:L — M be an isomorphism. Then f being one-one, onto f° ! exists and is one-one , onto. Again

by definition of isomorphism, f will be isotone. We show f° 'L — M is also isotone.
Let y,y,eM where y,<y,. Since f is onto,3 x,x,eL, st f(x)=y, flx)=y
X = f"l(yl),xz = f_l(yz)'
Now y, <y, & f(x)< f(x,)= x <x, [from the definition of isomorphism]
= ff‘(yl ),g ffl(yz ):> 77 is isotone.
Conversely, let f be isotone such that f ! is also isotone , since f ! exists, f is one-one, onto .

Again, as fis isotone x, <x, :f(xl)ﬁ f(x2 ), Xx,Xx, €L.

Also  f' is isotone implies f(xl ) <(x, ) < f(xz) = ]"71(]"(35l )) < ]‘71(]"()c2 )) =x <x,, thus

x, <x,= f(x,)< f(x,) Hence f is an isomorphism. 0
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Theorem 1.15: L/© is a lattice.

Proof: Of course L/® is a meet semilattice. We need only to show that it has the upper bound property. Let
[a]@,[b]@ < [c]@ then [a]@) = [a]@ [c]@) = [a A c]@) , [b]@ = [b]@[c]@ = [b A c]@
Now, (a A c) Y (b A c) exists by the upper bound property of L. Hence

[a A c]@ v [b A c]@ = [(a A c)v (b A c) ® and so [a]@ v [b]@ exists. Therefore L/® is a lattice. If © isa
congruence of a lattice L, then the map ¢: L — L/® defined by

¢(a) = [a]@ is the natural homomorphism. This is known as the homomorphism induced by ® . For a standard
ideal S of L we denote the quotient lattice L/©(S), simply by L/S .

Now we give the homomorphism theorem for lattices which is a generalization of [Lattice Theory First concepts
by Gratzer theorem 11 p-26].

Theorem 1.16: Every homographic image at a lattice L is isomorphic to a suitable quotient lattice L. In fact if
@:L—> M is a homomorphism of L on to M and if ¢ is the congruence relation of L defined by x=y @ if

and only if (p(x): (p(y) then L/® = L, ; an isomorphism is given by i : [x]@ - q(x), xel.

Proof: Since ¢ is a homomorphism then it is easy to check that @ is a congruence relation . To prove that
is an isomorphism, we have to check that (i) y is well defined. Let [x]@ = [y]@ Then x= y(@); thus
(p(x)= (p(y)):> [x](@)l// = [y](@)l// . i.e.  is well defined

(i) w isone-one, w([x[®)=w(y)®= p(x)=0(y) then x=y® and so [x](©)=[y|®) ic. v is

one - one .
(iii)  isonto:Let x € L since ¢ isonto. Thereis any y € L with ¢(y)= X .

Thus (b/](@))l//zx i.e. w isonto.
(iv) Preserves the operations. i.e. t is homomorphism . Let [x]@), [y]G)EL/G), therefore

v(x]o A[y]e)=vlx nyJo=0x A y)=0(x) A o(y)=y(x]©) Ay ([y]©). and finally for v, Suppose
[x]@ v [y]@ exists.

Then [x]@ \ [y]@ = [t]@ for some te€ L. so [x]@ c [t]@ and [y]@ c [t]@ .
This implies [x]@ = [x]@ A [t]@ = [x A t]@ ,
similarly b]@) = [y A t]@ .
Then w([x]O v [y]®)=p(x rt)OV [y At]O ¥
y((xAt)v (v nr)lO)
ol(xnt)v (yar))
(xnt)v o(y at)
v(xndle)vy(yrile)
v

=v(x]e)vy(yle)

Hence  is a lattice homomorphism and so it is an isomorphism [

Theorem 1.17: [First isomorphism theorem for standard ideals]: Let L be a lattice, S be a standard ideal and
Ian arbitrary ideal of L Then S M/ is a standard ideal of 1

and (TUS)/S=1/(INS).

Proof: We can use the first isomorphism theorem for universal algebra [12, Theorem 1.2], Then it remains to
prove that every congruence class of /v S may be represent by an element of I . so let x € I v . Then since

theorem 1.1 x €iv s forsome i€, s €S . Moreover x:ivs:i®(S).
Hence congruence class that contains x may be represented by i e 1.
That is [x]: [i]@(S). Therefore (1 v S)/S = ]/(1 N S). 0

For the 2nd isomorphism theorem we need the following results. We omit the proofs as they are very trivial.
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Lemma 1.18: Let the correspondence x — X be lattice homomorphism of lattice L on to a lattice L. Ifsis
standard element of L then s is a standard element of L .0

Corollary 1.19: Let x — X be lattice homomorphism of lattice L onto I . Let S be an ideal of L and denote by
S the homomorphic image of S under this homomorphism. If S is standard in L then S isstandardin L .0
Theorem 1.20: [Second isomorphism theorem for standard ideals].

Let L be a lattice, S be an ideal and T be a standard ideal of L. S < T'. Then S is a standard ideal of L if and
only if /T is a standard ideal in L/T and in this case L/S = (L/T)/(S/T).

Proof: First suppose that S is a standard ideal of L. let ¢: L — L/T be the natural mapping .

Then x — X is a lattice homomorphism and onto. So S is a standard ideal of L/T .

Now S =S/T .Hence S/T isa standard ideal of L/T .

Conversely, suppose that S/ T is a standard ideal of L/T . We are to show that S is a standard ideal of L.
Let us define a relation @(S) by 1.1 (ii), suppose x =y with x = y(@ (S))

Then x = yvs forsome s €S . Thus forany ¥ €L.if xvu exists,

then x v u = (y Y u)v s . This implies xvu=yvu (@ (S )) To prove substitution property for A, suppose
a denotes the image of the element a under the homomorphism L — L/T Suppose X = y(®(S/T)).Since
S/T isstandard in L/T , there is a suitable 5€S/T , such that x Au =(y Au)Vvs.

Further, since T is standard in L we can find a € T’ such that x Au = [(y A u)vs]v t.Weput s, =s v ¢ and get

XAU= (y A u)v sy, 5, €S . Hence © (S) is a congruence relation of L, and so by 1.1, S is standard.

In above proof we have also shown that the congruence classes of L/7T under ® (S /T ) are the homomorphism

image of those of L under ® (S ) Then the second isomorphism theorem for universal algebra [12 theorem 1.4
finishes the proof.

Thus in a lattice every standard ideal is a homomorphism kernel of at least one congruence relation and the
congruence classes of L/T under (m) (S /T ) are the homomorphism image of those of L under (H )(S ) Also

the theorem is the characterization of standard ideals of a lattice which I also the nice improvement and
generalization of [8, theorem 2]
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