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ABSTRACT

In this paper we include several characterizations of modular ideals in a nearlattice. For a modular ideal M of a
nearlattice S and a general ideal J, we have given a description of M N J . We prove that x<m | for some

meM,jeJ imply that x~v j=m, v j for somem, € M . We also prove that for a modular ideal M of a
nearlattice S, if both I "M and I~ M are principal for any ideal I, then I itself is a principal ideal.
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1. INTRODUCTION

A meet semilattice S together with the property that any two elements having a common upper bound have a
supremum, is called a nearlattice. This property is known as the “Upper bound property”.

A lattice L is called modular if for all x, y,ze L with z<Xx, x /\(y Y Z)= (x A y)v z.

A nearlattice S is modular if for all x,y,ze S with z<x andif y Vv z exists, then x A (y Y Z)= (x A y)v z.
By (Noor A.S.A. et al, 1997), this is equivalent to the condition that for all #,x,y,z€S with z<x,
x/\[(t/\y)v(t/\z)]:(x/\t/\y)v(t/\z).

(Talukdar M.R. et al, 1998) have defined a modular element in a join semilattice directed below.

By their definition, an element m in a lattice L is called a modular element if for all x,ye L withy<x,
x/\(mvy):(x/\m)vy.

Recently, (Rahman M.Z. et al, 2012) have given a nice description of modular element in a nearlattice.

Let S be a nearlattice. By (Rahman M.Z. et al, 2012), an element m € S is called a modular element if for all
t,x,ye S withy<x, x/\[(t/\m)v(t/\y)]:(t/\m/\x)v(t/\y).

An ideal M of a nearlattice S is called a modular ideal if it is a modular element of the ideal lattice / (S ) That is,
M is modular if for all [,JEI(S) withJ 1, Im(M vJ)=([mM)vJ.

We already know that a lattice (nearlattice) is modular if and only if its every element is modular.

An element s of a lattice L is called a standard element if for all x,y € L, x A (y v S)= (x A y)v (x A S).
By (Cornish W.H. ef al, 1982), an element s in a nearlattice S is called a standard element if for allt,x,y € S,
t/\[(x/\y)v(x/\s)]z(t/\x/\y)v(t/\x/\s).

An ideal I of a nearlattice S is called a standard ideal if it is standard element of the ideal lattice / (S )

Of course, every standard ideal of a nearlattice (lattice) is modular, but the converse need not be true. In this
paper we include some characterization of modular ideals of a nearlattice.

The following result is due to (Cornish et al., 1978)

Theorem 1. A nearlattice S is modular if and only if it does not contain a sublattice isomorphic to a pentagonal
sublattice. ®

It is well known that a lattice L is modular if and only if [ (L) is modular. But by (Rahman, M.B., 1994), this is
not true for nearlattices. We include the proof for the convenience of the reader.
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Theorem 2. For a nearlattice S, if I(S) is modular, then S is modular, but the converse need not be true.

Proof: Suppose [ (S ) is modular. Let a,b,ceS with c¢<a and bvc exists. Then
(a] A [(b] v (c]] = [(a] A (b]] v (c], and S0 (a A (b v c)]: ((a A b) v c], which implies,
an(bvec)=(a Ab)v c. Therefore, S is modular.

To prove the converse, consider the nearlattice S in figure 1.

X

0 S

Figure 1
Here S does not contain a sublattice isomorphic to pentagonal lattice. So by theorem 1, S is modular. But in [/ (S ),
{(O], ( p], ( D, y], (q, y], S } is a pentagonal sublattice, and so / (S ) is not modular. e

By (Rahman M.B., 1994) we know that the supremum of two ideals in a nearlattice is not very easy to handle. We
have;

Theorem 3. For two ideals I and J of a nearlattice S, [vJ=\y A,, where Ay,=10UJ and
n=0

A, :{xeS|xSivj, Sfor some i,jeAn_l}. o

By (Cornish W.H. et al, 1982), we know that for a standard ideal K of a nearlattice S and for any J e/ (S ),
K\/J:{kvj|keK,jeJ}
But in case of a modular ideal M of a nearlattice, we are unable to give a simple description of M v J . Even

xeM v J doesnotimply x<mv j forsome meM and jeJ.

For example, consider the following nearlattice of figure 2.

t X
NS
p
0 S
Figure 2
Here S is a modular nearlattice by Theoreml. In /(.S), (] is modular. Figure 3

any p E(l] and ¢ E(b].

Theorem 4. Let L be a lattice and m € L, m is modular if and only if (m] is modular in I(L).
Proof : Suppose m is modular in L. Suppose J = I . Let xe I M ((m] \Y, J).

Then x €/ and xe(m]vJ.

This implies x <m Vv j forsome jeJ.

So xvj<mvj.
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Now jeJ /.

Thus x v j el and X\/j=(xvj)/\(mvj)=((xvj)/\m)\/j(asmismodular)
€ (1 N (m]) vJ.

Therefore, x € ([ M (m]) vdJ.

Since the reverse inequality is trivial, so 1 M ((m] vJ ) = ([ M (m]) vJ

Hence (m] is modular in /(L).

Conversely, let (m] be modular in /(L).

Suppose z < x. Then (x] A ((m] \Y% (Z])Z ((x] A (m])\/ (Z]

Thatis, (x A (m v z)]= (x A m)v 2]

Therefore, X A (m \Y Z) = (x A m)\/ Z , and so m is modular. e

Theorem 5. Let S be a nearlattice, I,Je ](S) and 1,JC (a] for some aeS. Then
IvJ={xeS|xSivjforsome ie],jeJ}

Proof: Let x € I v J . Then by theorem 3, x <i Vv j forsome i, je 4, ,, where A, =1V J .

Since i, je A, ;,s0 i<i, Vv j,, j<i, Vv j, forsome i, i,,j,,j,€4,,

Then x<i, vi, v j, v j,, the supremum exists by the upper bound property of S as i, i,, j,, j, <a . Thus
proceding in this way x <(p, v---v p,)v (g, v---v gq,) forsome p,,q, € Ay =1 U J, and the supremum
exists by the upper bound property again.

Therefore, x<iv j forsome iel, jeJ. .o

But in a nearlattice S, Theorem 4 is not true.

Theorem 6. For an element m of a nearlattice S, if (m] is modular in ](S), then m is modular, but the converse
may not be true.

Proof: Suppose (m] is a modular ideal in S. Let z < x.

Thenforall f€ S, t Az<tAX<x implies {{ A z|C
te/:ilx(]ra[t/\m] tAzi]C(tAxljnpr)S]( (t/]\zﬁ]

so (e malnllenml (TN I AR p I el

This implies ((t A x) A ((t A m)v (t A z))]z ((t AXA m) Vv (t A z)]
Andso X A [(t/\m)v (t /\z)]z(t /\x)/\ [(t/\m)v(t /\z)]z(x/\t/\m)v (t/\z)
Therefore, m is modular in S.

To prove the converse
Consider the following nearlattice and its ideal lattice.

Here d is modular in S. Butin [ (S ) (figure 5), {(0], (d ], (g ], (g , e], S } is a pentagonal sublattice. Hence (d ] is
not a modular ideal.®

Theorem 7. Let M be a modular ideal of a nearlattice S and J be an ideal. If x <m j for some meM,jeJ,
then xv j=m, v j forsome m; e M .

Proof: Let x<mV j,then xVv j<mV j.

Thus, xvje(xvj]ﬁ(M \Y (j])=((xvj]ﬁM)v (j]

So by theorem 5, x v j < p v g for some p e(xv j]mM and g e(]]

Since pe(xvj]mM,so pPEM and p<xvV j.
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Thus xVv j<pvg<pv j<xv jimplies xVv j=pvVv j,where peM .o

0 S
Figure 4

Theorem 8. Let M be an ideal of a nearlattice S with the condition that for all ideals J of 'S,
MvJ= {x € S| xX<mv j, mv j exists for some meM,je J}. Then the following conditions are
equivalent.
0 M is modular.
(ii) xeM v J implies XV j=mY\ j forsome meM , jeJ.
Proof: (i) = (if) Suppose M is modular. Let x € M v J . Then by the given condition, x <m Vv j for some
meM,jel.
Then by theorem 7,
XV j=m; Vv j and so (ii) holds.
(if) = (i) Suppose (ii) holds.
Let 1,/ € I(S) with J =/
Suppose xe[r\(MvJ). Then xe/l and xeM v J.
Thus by given condition, x vV j=mV j forsome meM , jeJ.
Now, m < xV j implies mel N M .
Therefore, xe([r\M)vJ,andso Im(M Y J)g(

Since the reverse inclusion is trivial. so / N (M vJ )

InM)vJ.
(IAaM)vJ.

Hence M is modular.

In lattices, we know from (Rahman M.Z. et al, 2012)] that an element m is modular if and only if for all b<a
withaAam=barm & avm=bvmimplya=>b.

We conclude the paper with the following result which is proved by above characterization of modular elements.

Theorem 9. Let M be a modular ideal of a nearlattice S. If I "M and I~ M are principal, then I is modular.
Proof: Let / v M =(a] and I "M =(b].

Then by theorem 5, a <iv m forsome i€ I,me M .

Thus, (a]:M vioMv (bv i];M \Y (i];(a].

This implies M v I =M v (bv i]

Also, (b]=M "I 2M ~(bvi]o(b]

implies M NI =M ~(bvi]

Moreover, (b v i] cl.

Therefore, [ = (b \% i] as M is modular.e
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